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Abstract

This dissertation explores various aspects of an elementary class of cli-
mate models called Energy Balance Models (EBMs), in which Earth’s tem-
perature evolution is governed by the balance between the radiation ab-
sorbed and emitted by the planet. Although EBMs occupy the lowest level
in the hierarchy of climate models, they are appreciated for their capacity
to provide qualitative insights. Our research, which we summarise below,
follows this direction.

The first line of our research focuses on understanding and providing rig-
orous results for a class of 1D-EBMs with a spatially heterogeneous radiation
term, including an additive parameter modelling the effect of greenhouse
gases (GHGs) in the atmosphere. In particular, we study the long-term be-
haviour of the model. To analyse the steady-state solutions of the parabolic
partial differential equation governing the model, we interpret them as so-
lutions of the Euler-Lagrange equation arising from an associated varia-
tional problem. We provide sufficient conditions for the existence of at
least three steady-state solutions, corresponding to two local minima and
one saddle point of the variational functional. In other words, we identify
hypotheses that lead to the coexistence of "cold," "warm," and unstable "in-
termediate" climates. We then examine the relationship between the value
function—representing the minimum of the variational functional across all
temperature profiles—and the global mean temperature, both as functions
of GHG concentration. In particular, we show how the value function plot
provides information about the bifurcation diagram of the model, and vice
versa. Furthermore, we prove that the global mean temperature, as a func-
tion of GHG concentration, is non-decreasing.

The second line of research investigates climate change issues using the
same class of 1D-EBMs. To this end, we incorporate local instability ef-
fects and additive white noise into the model. The former parametrises
the super-greenhouse effect, a feedback mechanism occurring in the tropics
that can lead to a decrease in outgoing radiation. The latter, inspired by
Hasselmann’s work, accounts for fast weather fluctuations not captured by
the slow dynamics of EBMs, enriching the dynamics of Earth’s temperature
with statistical information. Focusing on the long-term behaviour, we study
the invariant measure of the model. In particular, we use its variance as
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a proxy indicator for the frequency of extreme weather events and demon-
strate, through numerical simulations, an increase in variance corresponding
to higher GHG concentrations.

We conclude the dissertation by presenting the main ideas of ongoing
research on a fast-slow system, where the fast component describes solar
radiation, while the slow component is a zero-dimensional EBM. In this
model, the variance of the resulting stochastic EBM increases with temper-
ature, without invoking local instabilities. Additionally, we show how this
model shares many similarities with the stochastic EBM proposed by Has-
selmann, which we summarise mathematically in terms of the deterministic
limit, fluctuations around the deterministic limit, and large deviations from
it.
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Introduction

This dissertation explores several mathematical aspects of energy bal-
ance models (EBMs), a fundamental class of climate models. Specifically,
we investigate how the long-term behaviour of climate dynamics is influenced
by variations in atmospheric carbon dioxide concentration, a key driver of
the greenhouse effect. This analysis, which draws on tools from the calcu-
lus of variations, stochastic analysis, and numerical methods for (stochastic)
equations, provides insights into the global temperature distribution and the
frequency of extreme weather events. A primary objective of our work is to
understand why climate change leads to an increased occurrence of extreme
weather events. In this introduction, we outline the motivation behind our
research and present an overview of our results. The detailed arguments are
presented in Chapters 1-2-3. The former two chapters are based on [24] and
[25], respectively. The last chapter is, instead, an ongoing research project,
which contains the details of the results presented in Section 0.4 of this
Introduction.

0.0.1 Low dimensional energy balance models

Energy balance models are a fundamental tool used to understand the
Earth’s climate system and its energy dynamics. It represents the energy
budget within the Earth’s atmosphere, land, oceans, and ice by quantifying
the balance between incoming solar radiation and outgoing solar radiation.
Although highly simplified compared to general circulation models, EBMs
are appreciated for their interpretability, mathematical tractability, and abil-
ity to capture the essential dynamics of the Earth system [12, 77, 67, 40,
28, 14]. Two important feedback mechanisms are typically present in such
models: the ice-albedo feedback and the Stefan-Boltzmann law. The pos-
itive ice-albedo feedback occurs when the melting of ice and snow reduces
the surface reflectivity (albedo), causing the planet to absorb more solar
radiation. According to the Stefan-Boltzmann law, a warmer body emits
more radiation, thereby providing a negative feedback which stabilises the
planet’s temperature. Depending on the precise configuration, these mech-
anisms may endow EBMs with bistability, suggesting the existence of two
stable climates commonly referred to as the snowball climate and the warm
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climate. The snowball climate, supported by paleoclimatic evidence from
the Cryogenian period around 650 million years ago, is characterised by the
absence of vegetation and ice caps extending over the entire planet’s sur-
face. In contrast, the warm climate exhibits relatively low albedo, ice caps
limited to the polar regions, and the presence of oceans and vegetation.
Additionally, EBMs typically allow for a third possible climate, albeit un-
stable. Transitions between stable climates in an EBM, as well as in general
multistable models, can occur in various ways. But two important mecha-
nisms are the following. The first consists of changes in factors influencing
the climate system, such as variations in greenhouse gas (GHG) concen-
trations like carbon dioxide (CO2), altering the balance of incoming and
outgoing radiation and amplifying the greenhouse effect. Mathematically,
this mechanism can be described by assuming that the model depends on
one additional parameter, and changes in the parameter lead the model to
undergo a bifurcation [4]; the second consists in noise-induced transitions
resulting from unresolved processes in climate models or the representation
of short-timescale weather as stochastic forcing acting on slow variables, as
observed in stochastic reduced models [49, 62]. These two types of transi-
tions correspond to mechanisms recognised to induce climate tipping, that is
rapid non-linear changes in the climate system with potentially irreversible
and catastrophic consequences [57, 76, 56, 61, 42].

A zero-dimensional (0D) EBM is the simplest version of EBM describing
the evolution in time for the annual averaged global mean temperature T ,
without any space dependence [7, 68, 72, 42]. This model is given by an
ordinary differential equation (ODE) of the form:

CT
dT

dt
= Q0β(T ) + q − σ0ε0T

4, t > 0,

T|t=0 = T0.
(1)

In this equation, CT > 0 represents the heat capacity, Q0 > 0 is the globally
averaged solar radiation and the co-albedo β is modelled by a continuous
function (over-bars typically denote globally averaged quantities). The term
Re(T ) = σ0ε0T

4 on the right-hand side of Eq. (1) accounts for the outgoing
solar radiation, following the Stefan-Boltzmann law (where σ0 denotes the
Stefan-Boltzmann constant and ε0 is the globally averaged emissivity). We
will adopt the notation Re(T ; q) = σ0ε0T

4 − q, thus incorporating the effect
of carbon dioxide into OLR. Further, q > 0 is a positive parameter modelling
the effect of the CO2 on the energy budget [6, 80]. In the next paragraph,
we clarify its additive structure.

Let C represent the global CO2 concentration in parts per million (ppm),
and consider, for explanatory purposes, a dependence of outgoing radiation
on both temperature T and CO2 concentration C. To avoid notation misun-
derstanding, denote the outgoing radiation as R̂e = R̂e(T,C), emphasizing
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its dependence on these two variables. Linearizing R̂e with respect to tem-
perature around a reference temperature T0, we obtain:

R̂e(T,C) ≈ A(C) +B(T − T0),

where A(C) encapsulates the dependence on CO2 concentration. From [65],
radiative transfer models suggest that the variation of outgoing radiation
with respect to changes in CO2 can be expressed as:

A(C) = A1 −A2 · ln
(
C

C0

)
,

where C0 is a reference CO2 concentration, and A1, A2 > 0 are constants
derived from the models. Substituting this into the linearised expression,
we have:

R̂e ≈ A1 +B(T − T0) − q, q = A2 · ln
(
C

C0

)
.

This shows that the radiative forcing of CO2 manifests as an additive term,
q, in the energy budget equation.

The fixed points of the model are the solutions of the equation:

dT

dt
= 0,

corresponding to points in Figure 1 where the absorbed radiation Ra(T ) =
Q0β(T ) and the emitted radiation Re(T ; q) intersect. Figure 1a furthermore
illustrates that this model is generally characterised by bistability, with two
stable fixed points TS and TW . These points correspond to the snowball
and warm climate states mentioned earlier and are separated by an unstable
intermediate fixed point TM . Furthermore, as highlighted by Figure 1b, the
stable points correspond to minimum points of a primitive function F for
the negative radiation budget R. In other words, F is any regular function
such that:

F
′(T ) = Re(T ; q) −Ra(T ) = −R(T ; q).

To better capture the variability of global mean surface temperature, it
has been proposed to add a stochastic forcing, such as white noise, to the
radiation balance. This is interpreted as the effect of the fast components of
the climate system, i.e. the weather, over slow components [44, 69, 49, 32].
For this reason, we are interested in considering the stochastic differential
equation (SDE) given by:

dT = R(T ; q)dt+ εdWt, (2)

where ε > 0 is the noise intensity and (Wt)t≥0 is a Brownian motion [5]. This
SDE is of gradient type and possesses a unique Gibbs invariant measure ν
[55]. An invariant measure is a probability distribution ν in the state space
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of Eq. (2) (i.e. the real numbers in this case) with the property that if a
solution T is distributed according to ν at some time t then it remains so
for all later times. It is given by:

ν(dT ) = 1
Z

exp
(

− 2
ε2F (T ; q))

)
dT, (3)

where Z is a normalization constant and dT denotes the standard volume
element on R (we note the technical detail that to give meaning to Eq. (2)
and Eq. (3), the radiation budget R should be extended to negative values
for the Kelvin temperature T in a way such that F → +∞ as T → −∞).
The key observation from the explicit formula (3) is that ν is concentrated
around the minimum points of the function F . Indeed, if T0 is a strict
minimum point and T1 ̸= T0 is a point close to T0 s.t. F (T1; q) > F (T0; q),
then the mass given by the measure ν in a small neighbourhood of T1 is
exponentially lower than the mass around T0; more specifically, the ratio
between the two masses is given by exp

(
− 2

ε2

(
F (T1; q) − F (T0; q)

))
.
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Figure 1: (a) Absorbed radiation Ra and emitted radiation Re for a 0D-
EBM. The graphs intersect in the three fixed points of the model TS <
TM < TW ; TS and TW are stable, TM is unstable. (b) Double-well potential
F associated to 0D-EBM. The function F satisfies F ′ = Re − Ra. The
minimum points TS and TW of F correspond to stable fixed points.

A one-dimensional (1D) EBM is given by a parabolic partial differential
equation where the space variable is one-dimensional [12, 77, 72]. Denoting
the temperature averaged in the zonal direction by u = u(t, x), it extends
the 0D-EBM by introducing the sine of the latitude x = sin(ϕ), where
ϕ ∈ [−π

2 ,
π
2 ] denotes the latitude and t ≥ 0 represents time. We assume

that the non-linear radiation balance of the planet, denoted by R(x, u; q),
depends on the sine of the latitude and on an additive parameter q. This
parameter models the effect of carbon dioxide concentration on the radiation
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budget [6]. Atmospheric and ocean transport of heat between latitudes is
modelled in a very simplified way by a diffusion term. Assuming spatially
homogeneous diffusion in this introductory section and thus ignoring the
dependence of κ on latitude and temperature, we obtain a non-degenerate
reaction-diffusion equation:

∂tu = κ∆u+R(x, u; q), t > 0, x ∈ (−1, 1),
ux(t,−1) = ux(t, 1) = 0, t ≥ 0
u(0, x) = u0(x), x ∈ [−1, 1]

(4)

where ∆ = ∂xx denotes the Laplace operator in dimension one, the Neumann
boundary conditions impose no-heat flux at the poles and u0 is an initial
condition. The non-linear radiation balance of the radiation absorbed and
emitted by the planet R(x, u; q) is given by

R(x, u; q) = Q0(x)β(u) + q − ε0σ0u
4,

whereQ0(x) is a positive smooth function describing the the space-dependent
solar radiation at point x, β ∈ (0, 1) is a smooth increasing function parametris-
ing the co-albedo, and q > 0 is an additive parameter modelling the effect
of CO2 concentration on the energy balance. Lastly, the emitted radiation
is again given by the map u 7→ ε0σ0u

4, where ε0, σ0 are constants denoting
respectively the Earth’s emissivity and the Stefan-Boltzmann constant.

The steady-state solutions of this model, representing the asymptotic
solutions for the time-evolving dynamics, correspond to the non-negative
solutions u = u(x) of the elliptic problem:

0 = κu′′ +R(x, u; q), x ∈ (−1, 1),
u′(−1) = u′(1) = 0,

(5)

where u = u(x) depends only on the space variable. This elliptic problem
forms a necessary condition for u = u(x) to be our extremal (in particular
a local minimiser) for the potential functional

Fq(u) =
∫ 1

−1
R(x, u; q)dx+ κ

2 ||u′||22 (6)

where ∂uR(x, u; q) = −R(x, u; q) and ||u′||22 =
∫ 1

−1 (u′)2 dx is the square of
the norm of u′ in L2(−1, 1). The calculus of variations is a widely employed
technique for studying the existence of a solution to the previous problem
[67, 71, 70, 11]. However, proving the existence of a local (but not global)
minimum point is generally challenging, and this technique focuses on study-
ing the existence of the global minimum point. The functional Fq in Eq.
(6) has another interpretation though which renders it more important than
being merely a characterisation of solutions to the elliptic problem. Indeed,
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consider the stochastic partial differential equation (SPDE) on the Hilbert
space H = L2(−1, 1) given by:

du = (κ∆u+R(x, u; q)) dt+ εdWt, (7)

obtained by adding a space-time white noise (Wt)t≥0 modelled by a cylin-
drical Brownian motion on H = L2(−1, 1) to Eq. (5). R has a cut-off at
negative temperature as in Section 0.1.1 and ε > 0 is the noise intensity.
We refer to [22] for more details about SPDEs. It can be shown that Eq.
(7) has a unique invariant Gibbs measure ν [20], given (broadly speaking)
by an expression as in Eq. (3), with Fq replacing F (see Section 0.1.1 and
1.1). Therefore, as in the zero-dimensional case, ν concentrates on minimum
points of the functional Fq. These minimisers satisfy the elliptic problem (5),
which therefore describes temperature profiles around which the solutions
of the stochastic problem (7) tend to cluster.

0.1 Deterministic model - Main Results

0.1.1 Potential functional and its minimiser

In this section, we: (i) provide an intuitive motivation for why the in-
variant measure for the stochastic EBM in Eq. (7) concentrates on mini-
mum points of the functional Fq, (ii) prove the existence of global minimum
points for Fq using the direct method, (iii) present sufficient conditions on
the viscosity κ and the space-averaged potential R̄(u) = 1

2
∫ 1

−1 R(x, u)dx,
with ∂uR = −R = Re − Ra, to ensure that the 1D-EBM has at least three
steady-state solutions.

Firstly, consider the stochastic EBM (7). Assume that for a negative
value of u, where the model has no physical meaning, the Stefan-Boltzmann
law is extended as:

Re(u; q) =
{
ε0σ0u

4 − q, if u ≥ 0
−q, if u < 0,

(8)

and β is smoothly extended to β̃ by setting it to zero outside the physically
relevant range, as described in the Section 1.2. Then, Eq. (7) possesses a
unique Gibbs invariant probability measure given by:

ν(du) = 1
Z

exp
(

− 2
ε2

∫ 1

−1
ε0σ0

(
u5)

+
5 −Q0(x)B(u) − qu dx

)
µ(du),

µ ∼ N(0,− ε2

2κ∆−1),
(9)

where (u)+ = max{u, 0} is the positive part, N(0,− ε2

2 ∆−1) denotes a sym-
metric Gaussian measure with covariance operator Q = − ε2

2κ∆−1 over the
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Hilbert space H = L2(−1, 1), B is a primitive of the co-albedo β, and Z
is the normalization constant. See ([20]) for a rigorous derivation of the
invariant measure for a reaction-diffusion model with a polynomial homo-
geneous reaction term. We move to explain in what sense ν is concentrated
around minimum points of Fq. In fact, for u ∈ H the Gaussian measure µ
is formally given by:

µ(du) = 1
Z1

exp
(

−1
2⟨Q−1u, u⟩

)
du,

where Q−1 = −2κ
ε2 ∆. Here, Z1 is a normalization constant, ⟨·, ·⟩ denotes the

scalar product in H, and du is a formal notation for the Lebesgue measure
on H. If we perform an integration by parts, we get

µ(du) = 1
Z1

exp
(
κ

ε2 ⟨u′′, u⟩
)
du = 1

Z1
exp

(
− κ

ε2 ||u′||22
)
du.

Plugging the previous identity into Eq. (1.3), we obtain:

ν(du) ∝ exp
(

− 2
ε2

(∫ 1

−1
ε0σ0

(
u5)

+
5 −Q0(x)B(u) − qu dx+ κ

2 ||u′||22

))
du

∝ exp
(

− 2
ε2Fq(u)

)
du.

From this heuristic formula, we see that points u such that Fq(u) is not
a global minimum have exponentially smaller density than the minimum
points. Indeed, if u1 is a global minimum point and u ̸= u1, then the mass
given by ν in a small neighbourhood around u is exponentially smaller than
the mass given to a neighbourhood of the same size around u1; in particular,
the ratio between the two masses is given by exp

(
− 2

ε2 (Fq(u) − Fq(u1))
)
.

The previous derivation is formal because the Lebesgue measure cannot
be defined on an infinite dimensional Hilbert space. For a more rigorous
explanation, see Section 1.3.

Next, we discuss the properties of the functional

Fq : H1,2(−1, 1) ∩ {u ≥ 0} → R

given by:

Fq(u) =
∫ 1

−1

(u)5
+

5 ε0σ0 −Q0(x)B(u) − qu dx+ 1
2

∫ 1

−1
κ(x)(u′(x))2 dx,

where H1 = H1,2(−1, 1) denotes the Sobolev space of order 1 and exponent
2, i.e. the function space where a function u and its derivative u′ (in weak-
sense) are both square integrable over [−1, 1]. See ([11]) for more details
about Sobolev spaces. The functional Fq, depending on the parameter q, is
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known in the literature as potential functional or Lyapunov function ([71,
72]). The study of the functional Fq gives useful information thanks to its
links with the invariant measure for the stochastic 1D-EBM, as we have seen,
and the stable steady-state solutions for the deterministic 1D-EBM which
emerge as necessary conditions for the stationarity of Fq. Going deeper with
the former point, the first variation of Fq in the point u in direction h is
given by:

δFq(u, h) = d

ds
Fq(u+ sh)|s=0

=
∫ 1

−1

(
u4ε0σ0 −Q0(x)β(u) − q

)
h dx+

∫ 1

−1
κ(x)u′(x)h′(x)dx

=
∫ 1

−1

[
u4ε0σ0 −Q0(x)β(u) − q − (κ(x)u′(x))′

]
h dx

where in the last identity we have used the integration by parts. Since h is
arbitrary, u is a stationary point for the functional Fq if and only if it is a
steady-state solution for the EBM. In particular, local extremum points for
Fq correspond to steady-state solutions of the EBM. Any local minimiser of
Fq represents a locally attractive solution of the deterministic 1D-EBM. In
view of our interpretation of Fq in terms of the invariant measure, however,
global minimisers play a special role since if present and unique they are
exponentially more likely than any other state (including minimises that
are just local). The following result establishes the existence of a global
minimum point for Fq.

Theorem 1. If q > 0, then there exists a global regular non-negative min-
imiser for Fq. In other words, if we consider the variational problem

inf
{
Fq(u) | u ∈ H1, u ≥ 0

}
, (10)

then there exists û ∈ C∞ s.t. û is a solution of the EBM and

Fq(û) = inf
{
Fq(u) | u ∈ H1, u ≥ 0

}
.

In addition to this, if q belongs to a bounded interval, then u can be bounded
uniformly with respect to q:

∃M > 0 s.t. û(x) ≤ M, ∀x ∈ [−1, 1]. (11)

A rigorous proof of the previous result can be found in Section 1.4. The
proof relies on standard arguments from the direct method of calculus of
variation exploiting the fact that the outgoing radiation in the EBM model
prevents the temperature from being too high.
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Concerning the existence of two local minimum points, let us describe a
sufficient condition. Consider the potential function R̄ : R → R coming from
the space averaged model

R̄(u) = 1
2

∫ 1

−1
R(x, u)dx.

If the viscosity κ > 0 is sufficiently large and the function R̄ has a double
well shape with sufficiently deep minimum values attained at the minimum
points, then we are able to prove the existence of two minimum points
for Fq. Further, it is possible to prove that the functional Fq satisfies a
compactness condition known as Palais-Smale condition. This property and
the Mountain Pass theorem give the possibility to deduce the existence of a
third steady-state solution. Next, we characterise a situation in which there
are three steady-state solutions, two of which are local minimisers ([50]).
This is summarised in the following result, whose proof is given in Section
1.7.

Theorem 2. Denote by BH1(v, ρ) = {u ∈ H1 | ||u − v||H1 < ρ} the open
ball in H1 with center v and radius ρ > 0. Assume R̄ has two non-negative
minimum points u1 ̸= u2, with Fq(u1) ≥ Fq(u2). Then, there exist ω > 0
and f, g ∈ O(ε−1) as ε → 0+ s.t. if ε̄ > 0 satisfies:

(i) R̄′′(ui) > f(ε̄), for i = 1, 2,

(ii) κ > g(ε̄),

(iii) ε̄ ≤ ω,

then Fq has two local minimum points û1, û2 such that:

(a) BH1(u1, ε̄) ∩BH1(u2, ε̄) = ∅,

(b) ûi ∈ BH1(ui, ε̄), for i = 1, 2,

(c) If ||u− u1||H1 = ε̄, then Fq(u) ≥ Fq(u1) + δ, with δ = δ(ε̄) > 0.

Note how the previous result can be also interpreted as giving suf-
ficient conditions for the convergence of the stable solutions of a space-
inhomogeneous EBM to the stable solution of the corresponding space-
averaged model, as the diffusion becomes large.

0.1.2 Value Function and uniqueness for the functional min-
imiser

The key element of this section is the value function, which is given by:

V (q) = inf
{
Fq(u) | u ∈ H1, u ≥ 0

}
.
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From Section 0.1.1, we know that the previous infimum is indeed a minimum
and so V (q) can be interpreted as the minimum possible value attained by
the potential functional over the possible temperature profiles u. Since a
minimum point for Fq is also a stationary point for the functional, the value
function can be evaluated numerically by computing the minimum of the
three steady-state solutions uS , uM , uW . Following this strategy, Figure 2
shows q 7→ Fq(u∗), with u∗ ∈ {uS , uM , uW }. Particularly, there exists a
point q3 s.t. uS it the global minimum point of Fq for q < q3, while uW

is the global minimum point for q > q3. Further, for q = q3 the function
Fq has two different global minimum points uS , uW and q = q3 correspond
a non-differentiability point for V . In addition to this, the value function
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Figure 2: Potential functional Fq evaluated in the three steady-state solu-
tions uS , uM , uW . For q < q3, uS is the global minimum point, while uW is
a local minimum point. On the other hand, for q > q3 the vice versa hap-
pens. Solid lines correspond to values of the functional attained on stable
solutions, dashed lines for values corresponding to unstable ones.

appears to be concave, thus with a decreasing derivative, where it exists.
Summarizing, the numerical evaluations of V (q) suggest the following result,
a rigorous proof of which is included in Sections 1.5, 1.6.

Theorem 3. Assume q belongs to a bounded interval. Then:

(i) V is Lipschitz continuous.

(ii) q is a non-differentiable point for V if and only if there is more than
one minimiser for Fq.

(iii) V is concave and V ′ is non-increasing.

See Lemma 22, Proposition 23, and Proposition 31 for the proof of the
previous result.
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We also see numerically that uM is actually never a global minimiser
for the specific functional Fq considered here, but we do not have a rigorous
proof of this fact. Let’s briefly discuss the proofs of the previous points. The
proof of (i) follows from the facts that the sup-norm of the minimiser u0 can
be bounded uniformly in q and that, given a family {gi}i∈I of Li-Lipschitz
functions gi, then inf

i∈I
gi is Lipschitz if the constants Li can be bounded

uniformly. In our case, given u ∈ H1 non-negative, we have

|Fµ1(u) − Fµ2(u)| ≤ |µ1 − µ2|
∫ 1

−1
|u(x)| dx ≤ 2M |µ1 − µ2|

where M > 0 is the constant appearing in Eq. (11). On the other hand, the
proof of point (ii) is less straightforward, although being very similar to the
one for the existence of a solution for the variational problem. The proof
of point (iii) makes use of the concept of semiconcavity, a generalisation of
that of concavity, which is fundamental in optimal control [16]. The main
reason for the concavity of V though is that V is an infimum over functions
that are affine in q. Hence the fact that q is additive is essential for this
result. More details can be found in Section 1.5.

0.1.3 Value function graph and bifurcation diagram

An additional property of the value function can be observed when com-
paring the bifurcation diagram (Figure 3a) and the graph of the value func-
tion (Figure 3b).

Corollary 4. If V is differentiable, then V ′(q) = −
∫ 1

−1 û(x)dx, where û is
the only minimiser for Fq.

In other words, the part of the bifurcation diagram that corresponds to
the global minimiser, represented by the sub-graph (q, 1

2
∫ 1

−1 û, dx), can be
determined based on the knowledge of V ′, and vice versa. Figure 3 compares
the bifurcation diagram to the graph of the value function, highlighting in
magenta the corresponding parts of the two graphs. From the mathematical
point of view, the previous result is a consequence of the proof of Theorem
3.

It is worth pointing out that by combining Theorem 3 and Corollary
4, a valuable property emerges, i.e., the global mean temperature of the
functional minimiser is non-decreasing with respect to q. In other words,
as the concentration of CO2 rises, the global mean temperature increases.
Additionally, through this monotonicity and Froda’s theorem, we also es-
tablish that the global mean temperature is continuous, except for, at most,
a countable number of upward jumps.
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(a) (b)

Figure 3: Comparison between the value function graph (left) and bifurca-
tion diagram (right) for the 1D-EBM. The magenta-shaded area highlights
the parts of the plots which are in one-to-one correspondence. (a) Functional
Fq evaluated on steady-state solutions, as in Figure 2. (b) Steady-state solu-
tions of the EBM for q = 25. In every point x of the space domain, the three
steady-state solutions satisfy uS(x) < uM (x) < uW (x), with maximum tem-
perature attained at the equator and minimum temperature attained at the
poles.

0.2 A new 1D-EBM for climate change and ex-
treme events

0.2.1 Motivation

The class of EBMs is well-regarded in the literature for its simplic-
ity and its ability to describe climate dynamics in an elementary way, as
noted in previous sections. Its application to paleoclimate investigations is
widespread [81, 72, 30], with a particular focus on understanding how tran-
sitions can occur between the warm steady-state solution uW of the EBM
and the snowball climate uS , and vice versa. This transition is a classic
example of a tipping point in climate systems, referring to a significant non-
linear shift in the climate or one of its subsystems, which can be triggered
by a small variation in a climatic variable, such as global mean temperature
(GMT) or carbon dioxide concentration.

There is scientific evidence, even if contested, that the snowball-warm
climate tipping point occurred in the past. Regardless, the physical mech-
anism behind this bistability is simple and unquestionable: the solid-liquid
phase transition of water. In fact, the fixed points for the 0D-EBM (1)
are the temperature values where the absorbed radiation Ra intersects the
emitted radiation Re. The latter is proportional to the fourth power of the
temperature, due to the Stefan-Boltzmann law, while the former is positive,
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bounded, and increases with temperature T , as depicted in Figure 1a. The
fact that Ra and Re intersect three times, giving rise to two stable fixed
points, is primarily due to the simple fact that ice melts at around 273 K,
causing the ice-albedo feedback to break down.

But our main interest is the study of climate change, not the investigation
of past climate. In the next paragraph, we will explain why the EBMs, as
we have considered them so far, are not suitable for addressing this issue. To
simplify, consider the stochastic 0D-EBM in (2); the same reasoning applies
to the 1D-EBM (7). Since the global mean temperature T changes only
slightly from year to year, it is reasonable to linearise the equation around
the stable fixed point TW of the deterministic model, corresponding to the
present climate configuration of the Earth. In this way, we get

R(T ) = Ra(T ) −Re(T ; q) = a+ q + bT + o(T − TW ),

with b < 0 since TW is stable. Thus, we obtain

dT

dt
= aq + bT + σdWt, aq = a+ q,

T (0) = T0.
(12)

The solution of the previous SDE is given by

Tt = T0e
−tb + aqb(1 − e−tb) + σ

∫ t

0
e−(t−s)bdWs.

It is a Gaussian process with a mean value of

E [Tt] = T0e
−tb + aq(1 − e−tb),

and variance

V ar(Tt) = V ar

(
σ

∫ t

0
e−(t−s)bdWs

)
= σ2

∫ t

0
e−2(t−s)bds = σ2

2b (1 − e−2tb).

Thus, looking at the long-term behaviour of the mean and variance, we find

lim
t→+∞

E [Tt] = aq, lim
t→+∞

V ar(Tt) = σ2

2b . (13)

As expected, the mean depends on CO2 concentration. The larger the value
of q, the higher (on average) the global mean temperature. However, the
same does not hold for the variance, which is independent of the concentra-
tion of carbon dioxide in the atmosphere. This is problematic because we
would like a simplified model that demonstrates how temperature fluctua-
tions increase with rising carbon dioxide (CO2) concentrations.

Indeed, one of the most dramatic examples of climate change today is
the increased frequency of extreme events. As pointed out by the IPCC
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(a) (b)

(c)

Figure 4: Schematic showing the effect on extreme temperatures when (a)
the mean temperature increases, (b) the variance increases, and (c) both
the mean and variance increase for a normal distribution of temperature.
Reproduced from the IPCC Report on Climate Change 2001: The Scientific
Basis ([45, Figure 2.32]).

Report ([45]), this can result from both an increase in mean temperature
(which can be easily explained by an SDE model as in (12) and an increase
in the variance of temperature, as shown in Figure 4. This phenomenon
is not just speculative; it can be observed in real data, as shown in Figure
5a. The figure shows histograms of the daily mean temperature recorded
in August for two different periods: from 1910 to 1940 (in blue) and from
1993 to 2023 (in red). In our view, explaining the joint increase of both
mean value and variance is a challenging and, at present, completely open
question.

The classical paradigm to explain the increase in the frequency of ex-
treme events is given by a dynamical system approaching a bifurcation
point, where random fluctuations are amplified near the bifurcation point
([23, 76, 54, 4, 56, 42, 8]). To explain this simply, we can again consider a
linear EBM as in (12) but this time assuming that the coefficient b depends
on the parameter q, i.e., bq = bq(q) and the model is given by:

dT

dt
= aq + bq · T + σdWt, aq = a+ q,

T (0) = T0.

We can repeat the computations done previously starting from the explicit
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(a) (b)

Figure 5: (a) Daily temperature recorded in August in Modena, Italy. The
blue histogram shows the values for the time period 1910 − 1940 (blue), and
the red histogram refers to 1993 − 2023 (red). Data provided by the Os-
servatorio Geofisico di Modena www.ossgeo.unimore.it. (b) Observational
Outgoing Longwave Radiation (OLR) dependence on Sea Surface Tempera-
ture (SST), and SMART (SMART is a dataset for OLR measurements used
in [27]) OLR output for various humidity values. The red dashed line is the
mean. Reproduced with permission from Geophysical Research Letters 45,
19 (2018). Copyright 2018, John Wiley and Sons ([27, Figure 2a]).

solution

Tt = T0e
−tbq + aqbq(1 − e−tbq ) + σ

∫ t

0
e−(t−s)bqdWs,

and getting to

lim
t→+∞

E [Tt] = aq, lim
t→+∞

V ar(Tt) = σ2

2bq
.

If there exists a critical threshold q∗ such that bq → 0 as q → q∗, then we
get limt→+∞ V ar(Tt) = +∞ as q approaches q∗.

The main question is whether the Earth is currently close to a bifurcation
point, an issue that is speculated but not proven. Looking to the distant
past, as noted earlier, it is clear that bifurcations took place, connecting
a moderate climate like today’s with glacial climates. However, there is
no clear indication that we are near a new bifurcation point leading to a
warmer climate. One exception is in data near the Tropics: localised at
that latitude, there is experimental evidence of potential bistability and a
possible fast transition to a warmer climate ([27], see Figure 5b). However,
data from regions outside the Tropics show different patterns. Therefore,
we have developed a new 1D-EBM that incorporates these differences. Seen
globally, as an infinite-dimensional dynamical system over the entire Earth,

www.ossgeo.unimore.it
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the bistability in the Tropics does not introduce a new bifurcation to the
model.

0.2.2 Model details and properties

We work with a Budyko-Sellers one-dimensional energy balance model
(1D-EBM), in which a diffusion term modelling meridional heat transport
is added as a driver of temperature evolution ([72]). The novelty of our
model consists in adding, for the first time, a particular phenomenon that
may happen at the Tropics. Indeed, one of the key mechanisms to stabilise
Earth’s temperature is the Planck feedback. It consists of increased outgoing
longwave radiation (OLR) as surface temperature increases, thanks to the
Stefan-Boltzmann law. But there exist cases, and our model highlights one
of them, where this feedback can fail, as in the super-greenhouse effect (SGE)
([33, 9, 27]). This phenomenon is feedback between water vapour, surface
temperature and greenhouse effect. Once the sea surface temperature or
greenhouse gas concentration reaches a certain level, the increase in absorbed
thermal radiation from the surface due to augmented evaporation with rising
sea surface temperature (SST) outweighs the concurrent elevation in OLR,
causing OLR to decline as SST increases.

More in detail, the model that we consider is almost identical to the 1D-
EBM (4), better detailed in Section 1.1. Indeed, it is given by the following
reaction-diffusion equation

CT∂tu = ∂x (κ(x)ux) +Ra(x, u) −Re(x, u; q), x ∈ [−1, 1], t ≥ 0
u(x, 0) = u0(x), x ∈ [−1, 1],

ux(−1, t) = ux(1, t) = 0, t ≥ 0,
(14)

where again CT > 0 denotes heat capacity, κ(x) > 0 is the diffusion function,
Ra is the absorbed radiation, and Re is the emitted radiation. It is worth
underlying how the space dependence of this last term is the main novelty
of this model. This novelty, driven by the SGE mentioned before, may lead
to bistability for OLR locally in tropical regions. To capture this behaviour,
we propose a model for OLR that varies with space and is symmetric with
respect to latitude:

Re(x, u; q) = q + |x|Rpl
e (u) + (1 − |x|)Req

e (u),

where Rpl
e and Req

e represent the OLR at the poles and equator, respectively.
The function Re smoothly transitions between polar and equatorial values,
as shown in Figure 6, where different colours correspond to specific latitudes.
More details on the terms and the parameters of the model can be found in
Section 2.2.2.

The results obtained in Section 0.1, i.e. Theorems 1, 2, 3, and Corollary
4 still holds for this model. Indeed, the reaction-diffusion structure with a
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Figure 6: Representation of the Outgoing Longwave Radiation (OLR) Re =
Re(x, u; q) in (2.9) for q = 0. Different colours are used to represent the
dependence on the space. At the tropics, the OLR presents the bistability
due to the super-greenhouse effect shown in Figure 5. The bistable regimes
progressively disappear as the space point moves to the poles, where the
Stefan-Boltzmann law in (2.10) is applied to parametrise OLR.

space-heterogeneous reaction term is the same as the 1D-EBM (4). However,
it is worth pointing out the bifurcation diagram of the model, which is shown
in Figure 7. Although no new steady-state solutions are added to the model
(in addition to the two classical saddle-node bifurcations that characterise
EBMs), it can be observed a non-linear increase in the GMT of the warm
steady-state solution uW takes place for values of q close to 11. This increase
is caused by the space-dependent emitted radiation with tropics bistability,
since the same 1D-EBM without this feature does not show this behaviour
(see Section 1.1, in particular Figure 1.1a).

0.2.3 Increase in extreme weather events frequency

It is well-established that human-induced greenhouse gas emissions have
intensified the frequency and severity of climate extremes, particularly tem-
perature fluctuations, since the pre-industrial period [73]. Despite various
definitions of what constitutes an extreme event, no universally accepted
standard exists [79]. A common approach defines an extreme weather event
as one surpassing a specific threshold of a climate variable. To be able to
investigate such a phenomenon, we extend the 1D-EBM in (14) by an ad-
ditive space-time white noise with small intensity σ > 0, as in (7). In this
framework, we consider as a proxy indicator for the frequency of extreme
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Figure 7: (b) Bifurcation diagram in the (q, ū∗) plan for the 1D-EBM (14),
where u∗ denotes a steady-state solutions and ū∗ = 1

2
∫ 1

−1 u∗(x)dx is its
global mean temperature (GMT). The S-shaped bifurcation diagram is char-
acterised by the two classical saddle-node bifurcations around q ≈ 7 and
q ≈ 38, and a non-linear (with respect to q) increase in the global mean
temperature around q ≈ 11.3.

weather events the variance of the solution, which we are going to better
define later. In any case, our equation takes the form

CT∂tu = ∂x (κ(x)ux) +Ra(x, u) −Re(x, u; q)
+ σdWt, (x, t) ∈ [−1, 1] × [0, T ],

u(x, 0) = uW (x), x ∈ [−1, 1],
ux(−1, t) = ux(1, t) = 0, t ∈ [0, T ],

(15)

where as initial condition we consider the warm steady-state solution uW of
the deterministic model, and T = 500 years. Indeed, we are interested in
understanding the shape of the invariant measure ν around the actual cli-
mate, which is described by uW . As can be expected, the invariant measure
ν = ν(q) is still Gibbs, with an explicit expression similar to (9). Indeed, as
for the deterministic properties, all the stochastic properties of the model
are preserved by the addition of the tropical instability correction. Anyway,
the expression for the invariant measure ν is not useful, being non-linear,
to get quantitative information. In particular, we would like to understand
how much the fluctuations of the solution, i.e. the variance, are affected by
the change in the CO2 concentration.

Thus, we conduct a numerical simulation of the SPDE (15) using a
finite difference method, which discretises both time and space into meshes.
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Symbol Meaning Value
CT Heat capacity 5 · 107 J m−2K−1

σ Diffusion coefficient SPDE 0.2
T Final time of simulation 500 yrs.

∆x Space mesh size 0.01
∆t Time mesh size 0.01
∆q CO2 parameter mesh size (see (16)) ≈ 1.21 · 10−2

q0 First point in the CO2 mesh (see (16)) 11.15
q29 Last point in the CO2 mesh (see (16)) 11.15

Table 1: Parameters and constants appearing in the model (15) and its
numerical simulations (see Section 2.2.2 and Section 2.3.1 for more details
on the parametrization of the terms and the numerical scheme, respectively).

Let (xi)i=1,...,n and (tj)j=1,...,m represent the spatial and temporal meshes,
respectively. The solution u(x, t) is approximated by a matrix U = (uij)ij ,
where uij denotes the temperature at spatial point xi and time point tj .
Each simulation of the SPDE (15) is performed with a fixed value of the
CO2 parameter q. Different simulations vary by changes in the value of q,
which is selected from the mesh (qk)k=0,...,29, where

qk = 11.15 + k

∆q , ∆q = 11.55 − 11.15
29 ≈ 1.21 · 10−2, k = 0, ..., 29. (16)

For each spatial point xi ∈ [−1, 1], we compute the variance of the tem-
perature over time. In other words, we measure how much the temperature
fluctuates over the 500-year simulation period. Thus, we define our time-
variance indicator as

σ2
t (xi) = 1

m

m∑
j=1

(uij − ūi)2 ,

where ūi = 1
m

∑m
j=1 uij represents the mean temperature at point xi over

time. Our simulations for σ2
t , shown in Figure 8a, reveal two primary be-

haviours in the variance. First, as the parameter q increases, the time vari-
ance σ2

t initially rises, reaching a peak around q = 11.3069, after which it
begins to decline. This peak corresponds to the value of q that produces the
greatest increase in global mean temperature (GMT), indicating a strong
relationship between q and temperature variability. Second, the spatial pro-
file of the variance is symmetric with respect to the centre of the domain,
with local maxima occurring at three points: x = 0 (the equator) and
|x| ≈ 0.8 (sub-arctic regions). These maxima highlight regions where tem-
perature fluctuations are particularly pronounced. In the next sections, we
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are going to summarise our explanations of the two main properties of the
time-variance: the spatial behaviour and behaviour with respect to carbon
dioxide.
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Figure 8: Indicators for the stochastic 1D-EBM (15) over the time interval
[0, T ], with T = 500 yrs. (a) Time-variance indicator σ2

t . Different colours
represent different values of q for which the stochastic 1D-EBM is simulated.
(b) Local stability indicator γ, using the same colour scheme as in subfigure
(a).

Local stability indicator - Spatial behaviour

To better understand why certain regions exhibit higher variance than
others, we introduce a local stability indicator γ(x), defined as:

γ(x) = ∂uR(x, uW (x)),
where R(x, u) = Ra(x, u)−Re(x, u; q) represents the net radiative forcing. In
essence, γ(x) measures the local stability of the temperature field: positive
values of γ(x) indicate instability, while negative values indicate stability in
the absence of the diffusive coupling term κ(x)ux.

First, our analysis shows that regions with high time variance also tend
to exhibit positive values of γ(x), indicating local instability, see Figure
8b. This suggests that time variance acts as a marker for regions where the
climate system is most susceptible to fluctuations, particularly near the sub-
arctic zones (|x| ≈ 0.8) and the equatorial region (x = 0), where bistability
and temperature gradients are strongest.

Second, we explain the presence of positive γ(x) values as a consequence
of the diffusion term in the model. Indeed, without diffusion, the warm
steady-state solution at point x given by uW (x) it is just the minimiser,
depending on x, of the potential functional of the system. In other words,

uW (x) = arg min
u≥0

R(x, u),
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with ∂uR = Re − Ra. Thus, since uW is a minimiser ∂uR|(x,uW (x)) = 0.
Further, under some mild regularity assumption, it follows that γ(x) =
∂uR|(x,uW (x)) = ∂2

uR|(x,uW (x)) ≤ 0.
However, the addition of the diffusion term to the model introduces an

additional complexity. The steady-state solution uW is a minimiser of the
functional

u 7→
∫ 1

−1
R(x, u)dx+ 1

2

∫ 1

−1
κ(x)

(
u′(x)

)2
dx.

Thus, the previous reasoning in the case κ ≡ 0 does not hold any more, and
thus the local stability indicator may take positive values.

Local stability indicator - The effect of carbon dioxide

One of the key findings from our simulations is the peak in time variance
at q = 11.3069, the previous increase, and the following decrease. To un-
derstand this phenomenon, we observe that as q increases, the steady-state
temperature uW (x) rises, as can be guessed also by the calculation for the
0D case in (13) or the global mean temperature increase for uW shown in
the bifurcation diagram depicted in Figure 7. As the GMT rises, the tem-
perature in the tropical area approaches the temperature interval in which
the SGE effect is maximum. This leads to the increase of variance detected
by σ2

t . However, once the tropical temperature exceeds this interval, the
instability diminishes, leading to a reduction in variance.

We measure the instability of the SGE by averaging over the space do-
main the local stability indicator γ, i.e. we consider

γ̄(q) =
∫ 1

−1
γ(x)dx =

∫ 1

−1
∂uR(x, u(q)

W (x))dx,

whose plot is shown in Figure 9. It closely follows the same trend as the
time variance, peaking at q = 11.3069 and then declining.

0.3 A non-autonomous framework for weather, macroweather,
and climate

Our work relies on considering a (stochastic) 1D-EBM depending on a
slowly varying parameter q(t), representing CO2 concentration. In particu-
lar, the 1D-EBM has the form (we omit spatial dependence for clarity)

dT (t) = g(T (t), q(t)) + σdW (t), (17)

where g represents the radiation balance. Although it can be formulated
with a single stochastic equation, we consider it an approximation of a more
complex dynamic system that involves three different timescales: weather,
macroweather, and climate. Weather operates on a daily to hourly scale,
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Figure 9: Average local stability indicator γ̄(q) =
∫ 1

−1 ∂uR(x, u(q)
W (x))dx. It

increases, peaks at q = 11.3069, and then decreases.

macroweather on a scale of a few months to a few years, and climate on a
scale of decades. While we simplify the model to focus on fewer timescales,
it is important to emphasise the non-autonomous structure given by the
time dependence of the CO2 parameter q(t).

The carbon dioxide concentration in the atmosphere varies on a longer
timescale compared to macroweather: carbon dioxide in the atmosphere
increased by 47% from 1850 to 2020, moving from 284 parts per million
(ppm) to 412 ppm ([73]). For this reason, it is reasonable to consider the
CO2 parameter in the equation as fixed, i.e., not time-dependent, and study
how the properties of the invariant measure change as a function of q. This
is the adiabatic1 approach to investigating the properties of the stochastic
EBM. In other words, the stochastic equation we study is as follows:

dT (t) = g(T (t), q) + σdW (t). (18)

The weather scale, based on Hasselmann’s work ([44]), is described by de-
terministic equations, where fast-changing variables represent fluid dynam-
ics (such as velocity), and slower-changing variables like temperature evolve
over months. Macroweather emerges when we change the scale to observe

1In thermodynamics, a gas undergoes an adiabatic transformation during rapid ex-
pansion or compression. Although fast, the transformation is slow enough that the gas
remains in a state of statistical equilibrium, preserving its entropy. Here, and throughout
the text, we use the term “adiabatic” to refer to a variable, and the analysis of the asso-
ciated equation, that varies much more slowly than the timescale of the system it is part
of.
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temperature variations over months and years. In this context, noise plays
a critical role in driving these fluctuations, and stochastic processes become
essential for accurately modelling these dynamics. At the macroweather
scale, averaging approximations in the Freidlin-Wentzell style ([36]) help
simplify the model by smoothing out short-term variations. However, this
approach has limitations because it does not account for fluctuations, which
was the pioneering idea of Hasselmann. He introduced noise to incorpo-
rate randomness into temperature dynamics on longer timescales than the
weather, aligning with real-world temperature observations. We stress the
importance of considering noise, delving into more details, in Subsections
2.1.1-2.1.4.

It is worth emphasizing that EBMs describe temperature on the macroweather
timescale. This can be deduced by examining a linear 0D-EBM of the form:

C
dT

dt
= A−BT,

and considering the relaxation time of the model, τ0 = C
B . By plugging phys-

ically motivated values into the expression for τ0, it results in a macroweather
timescale (see Section 2.2.1).

The third timescale is climate. In the adiabatic framework (18), we
identify climate as the invariant measure of the stochastic EBM (in the non-
autonomous framework (17), the invariant measure is time-dependent; see
Section 2.1.5). In fact, climate is the result of the long-term evolution of the
Earth’s system, which began hundreds of millions of years ago from an initial
condition whose significance has since been lost. The adiabatic approach we
use in our analysis is also motivated by the fact that we consider the Earth’s
system on the macroweather timescale, where CO2 slowly increases, and we
track the invariant measure. Loosely speaking, we view our experience as
a sample from the invariant measure. We observe an increasing number of
extreme weather events each year because the invariant measure, i.e., the
climate, now has a larger variance.

0.4 A fast-slow energy balance model
The following section contains an ongoing research and has two main

goals. First, it aims to justify the inclusion of noise in the stochastic EBM,
a key theme as it directly relates to understanding the origins of climate
variability. This topic has been long discussed in the literature, and, follow-
ing Hasselmann’s foundational work, it is often attributed to the interaction
of different timescales in climate dynamics, particularly the influence of fast
processes on slower ones. We present a new derivation of the stochastic
Stratonovich equation introduced by K. Hasselmann, sometimes referred to
as the (N)-approximation for fast-slow climate equations (see [53, 63]), based
on an approach à la Wong-Zakai.



CONTENTS 28

The second goal is to enhance the model with a suitable multiplicative
noise component. Thus far, we have considered an additive white noise in
both space and time, which is a simplified and less realistic assumption (see
[44, 3]). The modified stochastic EBM derived here will include a diffusion
term that increases with temperature.

The starting point is a fast-slow system which, in a simplified way, it is
assumed to be able to describe the interaction between a “slow” temperature
component T , at a macroweather timescale, and a “fast” component Qt,
representing weather fluctuations. This latter component is modelled by
solar radiation, defined as the power per unit area received from the Sun at
Earth’s surface. This model is given by:dQt = − 1

τ (Qt −Q)dt+ 1√
τ
dWt,

dT
dt = Qtβ(T ) + q − ε0σ0T

4.
(19)

The parameter τ > 0 represents the separation among the timescales of the
two processes in (19). Its magnitude is thus 10−2, so quite small but not
infinitesimal. This, as we will see, it is a key aspect of our discussion. The
dynamics describing the evolution in time of temperature is the radiation
balance between absorbed and emitted radiation, the classical mechanism
driving EBMs. For simplicity of notation, we will rename the system as
follows dX

τ
t = −1

τ
(Xτ

t −Q)dt+ 1√
τ
dWt, Xτ

0 = x,

dY τ
t = g(Xτ

t , Y
τ

t )dt, Y τ
0 = y,

(20)

where g(x, y) = xβ(y) − α(y), and α(y) := q − ε0σ0y
4. For the ease of

notation, from now on we will denote the processes as Xt, Yt, thus dropping
the dependence on τ .

The following is the key result that we will use to derive a closed equation
for the slow variable Yt.
Lemma 5. For each t > 0, it holds

lim
τ→0

E
∣∣∣∣∣ 1√
τ

∫ t

0
Xsds− Qt√

τ
−Wt

∣∣∣∣∣
2

= 0.

Now, we aim to derive a closed equation for the slow process Yt. We
heuristically invoke Lemma 5 to justify the following approximation:

Xt −Q ≈
√
τ
dW (t)
dt

. (21)

This enables us derive the following equation for the slow process:
dYt

dt
=
(
Xt −Q+Q

)
β(Yt) + q − ε0σ0Y

4
t

= Qβ(Yt) + q − ε0σ0Y
4

t +
√
τβ(Yt)

dW (t)
dt

.

(22)
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Then, we perform an approximation inspired by the Wong-Zakai prin-
ciple, although it does not fit exactly within that framework. Using this
approximation, which we will comment on later, we replace the previous
equation with the Stratonovich SDE:

dỸt =
(
Qβ(Ỹt) + q − ε0σ0Ỹ

4
t

)
dt+

√
τβ(Ỹt) ◦ dWt, (23)

which can be converted to Ito form by applying the Ito-Stratonovich correc-
tion:

dỸt =
(
Qβ(Ỹt) + τ

2β(Ỹt)β′(Ỹt) + q − ε0σ0Ỹ
4

t

)
dt+

√
τβ(Ỹt)dWt. (24)

Remark 6. The most important consequence of the previous stochastic
model is that the diffusion term is increasing, due to the co-albedo prop-
erties, with respect to temperature. Thus, the larger the temperature, the
larger the variance of the solution, and thus the possibility of observing ex-
treme weather events.

It is worth recalling the Wong-Zakai principle, which underpins our
derivation of the stochastic EBM (24) with Stratonovich noise. Loosely
speaking, this principle states that if we approximate Brownian Motion
(BM) with a smooth process, then take the limit of this smooth approxima-
tion, the resulting stochastic differential equation aligns with the Stratonovich
rather than the Ito interpretation. A constructive example of a possible ap-
proximation of BM follows.

Lemma 7. For ε > 0, consider the solution ξε
t of the linear SDE

dξε
t = −1

ε
ξε

t dt+ 1
ε
dWt, ξε

0 = 0.

Then, setting W ε
t := ξε

t , we have W ε
t

P−−−→
ε→0

Wt.

Second, we state a version of the Wong-Zakai principle, which can, in
any case, be strengthened, see [48, 84].

Theorem 8 (Wong-Zakai). For ε > 0, let Y ε
t be the solution of the ODE

dY ε
t

dt
= b(Y ε

t ) + σ(Y ε
t )dW

ε

dt
.

Then, Y ε
t

P−−−→
ε→0

Yt, where Yt solves the SDE

dYt = b(Yt)dt+ σ(Yt) ◦ dWt.
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Remark 9. We are not applying a true Wong-Zakai result to obtain (24).
The Wong-Zakai principle (WZP) is a limiting result, which in our case
would apply as τ → 0. However, there are at least two reasons why we
must diverge from the WZP: (i) the physical interpretation of τ , and (ii)
the differing scaling in our model compared to that used in WZP. First,
the scaling parameter τ represents the timescale separation between the fast
weather component (e.g., one day) and the slower macroweather component
(e.g., six months or one year). Even though this ratio is small, it is far from
zero. Furthermore, if we took τ → 0 in (21), we would obtain a deterministic
closed equation for temperature in (22).

Second, our fast equation for solar radiation in (19) does not follow the
scaling in the drift-diffusion coefficients required by Lemma 5. Specifically,
our drift is scaled by 1

τ and the diffusion by 1√
τ
, whereas the fast process

ξε in WZP has both drift and diffusion scaled by 1
ε . Nevertheless, we are

confident that the scaling used for τ is correct for our setting. A primary
reason is that, if we consider a SDE of the form

dηt = b(ηt)dt+ dWt, (25)

and we consider the rescaled fast process

ητ
t := ηt/τ ,

then (ητ
t )t solves the SDE

dητ
t = 1

τ
b(ητ

t )dt+ 1√
τ
dW̃t, (26)

where (W̃t)t is a Brownian Motion; in other words, if we first consider a
solar radiation which satisfies an equation of the form (25), then on a faster
timescale for the same process we get the 1

τ ,
1√
τ

scaling from equations (26).
Second, the variance of the (Gaussian) invariant measure for the solar ra-
diation process Xt remains independent of τ , as we will explicitly calculate
later in (3.1).

0.4.1 Link with Hasselmann’s proposal

In this section, we briefly present Hasselmann’s main contribution, in our
opinion, to climate science, i.e. the conjecture that temperature (that we
consider as representative climate variable) on a slow timescale (macroweather
or climate timescale) satisfies a stochastic equation, provided that we that
from a (realistic) fast-slow model describing the interaction between fast
weather and slow climate.

Hasselmann’s approach begins with a fast-slow ODE system:{
ẋ = 1

εf(x, y),
ẏ = g(x, y),

(27)
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where ε > 0 is a scaling parameter that separates the fast weather compo-
nent x from the slower climate (or macroweather) component y. To derive
an equation for the slow variable y, we can apply the averaging principle (see
[36]), which approximates y in (27) by a solution y of the averaged equation

ẏ = g(y), (28)

where
g(y) :=

∫
g(x, y)µy(dx).

This expression assumes that, for each fixed y, the fast equation

ẋ = 1
ε
f(x, y)

has a unique ergodic invariant measure µy. Determining this invariant mea-
sure in the deterministic case is complex, and not clearly understood. How-
ever, for the stochastic case, where the fast component has additional noise
(such as an additive noise), the averaging principle is well studied, and we
will focus on this in Section 0.4.2.

Hasselmann’s pioneering insight was that the macroweather timescale
solution is better represented by including fluctuations around the averaged
dynamics. Specifically, he proposed that the slow variable y on an appro-
priate timescale satisfies an SDE of the form:

dỸt = g(Ỹt) dt+A(Ỹt) ◦ dWt, (29)

where A is the diffusion term. By following Hasselmann’s framework ([44,
3]), it can be shown that this equation, which we will refer to as Hasselmann’s
equation, reduces to (24) when starting from the fast-slow system (19). That
is,

g(y) =
∫
g(x, y)µ(dx),

where µ is the invariant measure of the fast equation in (19), and A(y) =√
τβ(y).

The following sections will demonstrate that both Hasselmann’s equa-
tion (24) and our fast-slow model (19) are the same if we compute the: (i)
deterministic zero-noise limits, (ii) Gaussian fluctuations around the aver-
aged solution (zero-noise limit), and (iii) a large deviation principle. Our
new contribution in the following sections consists in realising that equations
(24) and (19) share the same characteristics given by (i), (ii), and (iii). In-
deed, the use of the averaging principle, the Gaussian fluctuations, and the
large deviations principle are rather classic in the probability field, as the
results that we will present in the following (Theorem 10, and Propositions
11-14).
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0.4.2 Averaging principle: deterministic limit

For a stochastic case fast-slow system in the form (19) the averaging
principle is, in contrast to the deterministic case, well understood. In par-
ticular, up to technical assumptions (see [36, Chapter 7]), it can be proved
the following result, in which we merge also the averaging result for the
Hasselmann’s equation.

Theorem 10 (Averaging Principle). Let T > 0 and denote by µ(dx) the
invariant measure for the fast equation in (19). Let (Y (t))t be the solution
of the ODE

Ẏ (t) = g(Y ), (30)

where
g(y) :=

∫
g(x, y)µ(dx).

Consider (Y τ
t )t solution of the fast-slow system (19). Then, for any δ > 0,

it holds
P
(

sup
0≤t≤T

∣∣∣Y τ
t − Y (t)

∣∣∣ > δ

)
τ→0−−−→ 0.

Similarly, if (Ỹt)t is the solution of Hasselmann’s equation (24), for any
δ > 0 it holds

P
(

sup
0≤t≤T

∣∣∣Ỹt − Y (t)
∣∣∣ > δ

)
τ→0−−−→ 0.

0.4.3 Gaussian fluctuations

In stochastic systems driven by small noise, the study of fluctuation pro-
cesses provides insights into the behaviour of solutions near their determin-
istic limit. Fluctuations characterise the deviations from the deterministic
trajectory, typically scaled by the inverse square root of the noise intensity,
to observe how small perturbations influence the system’s dynamics. This
scaling follows the idea of the Central Limit Theorem in probability theory,
where sums of independent random variables converge, after appropriate
scaling, to a Gaussian distribution. Analogously, for SDEs, scaled fluctua-
tion processes converge to a Gaussian process as the noise intensity tends
to zero, capturing the an higher order behaviour of the SDE with respect to
the averaged equation.

Here, we present the results regarding the Gaussian fluctuations for our
model (19) and the Hasselmann stochastic EBM (24). For both results,
which are classical, we do not focus on the assumptions but rather present
the limiting equations and a sketch of the proofs. For the assumptions
needed, we refer to [36, Chapter 7].
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Proposition 11. Consider the Gaussian fluctuations for the stochastic Has-
selmann’s EBM (24)

Zτ
t := Ỹ τ

t − Y 0
t√

τ
= Ỹ τ

t − Y (t)√
τ

.

Then, denoting by d−→ the convergence in distribution, it holds

(Zτ
t )t∈[0,T ]

d−−−→
τ→0

(Zt)t∈[0,T ]

where (Zt)t∈[0,T ] solves the SDE

dZt = g′(Ỹ 0
t )Ztdt+ β(Ỹ 0

t )dWt

= g′(Y (t))Ztdt+ β(Y (t))dWt.
(31)

Proposition 12. Let (Xτ
t , Y

τ
t )t∈[0,T ] be the solution of the fast-slow system

(19). Consider the fluctuations processes

ζτ
t := Y τ

t − Y (t)√
τ

, ητ
t = Xτ

t −Q√
τ

.

Then, as τ → 0, we have

ζτ
t

P−−−→
τ→0

ζt, ∀t ∈ [0, T ],

where (ζt)t is the solution of

dζt = g′(T (t))ζtdt+ β(T (t))dWt,

and P−→ denotes convergence in probability.

0.4.4 Large deviations principle

In this section, we describe the large deviation principle (LDP), which,
in our case, will inform us about the tails in the behaviour of the slow
process describing temperature. Indeed, LDP provides a rigorous framework
to quantify the asymptotic probabilities of deviations of the temperature
variable Y τ

t (or Ỹt) from its typical behaviour, i.e. the averaged process
Y (t). More in details, focusing on fast-slow system (19) (but the same
intuition holds for the Hasselmann’s equation (24)), if a LDP holds, then,
given a continuos path y(·), we have

P(Y τ (·) is near y(·)) ≈ exp
(

−1
τ
I(y(·)

)
,
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where I is called rate function or action functional. It captures the likelihood
of observing deviations of Y τ

t from the deterministic path y(·): the smaller
the value of I(y), the more likely Y τ

t is to be found near y(·) in the limit
τ → 0.

We start by recalling what is the rate function for an SDE with multi-
plicative noise, as Hasselmann’s equation (24).

Proposition 13. The solution (Ỹt)t of the Hasselman stochastic EBM

dỸt = g(Ỹt)dt+
√
τβ(Ỹt) ◦ dWt

satisfies a large deviation principle with rate function

I(y(·)) = 1
2

∫ T

0

∣∣∣∣ 1
β(y(t)) [ẏ(t) − g(y(t))]

∣∣∣∣2dt. (32)

The greatness of Hasselmann’s insight was that he predicted an equation
for the macroweather whose tails are analogous to those of the original slow-
fast system.

Proposition 14. The slow component Yt in the fast-slow system (19) sat-
isfies a large deviation principle with the same rate function defined in (32).



Chapter 1

A class of space
heterogeneous
one-dimensional energy
balance models

In this chapter, which covers the content of [24] and its Supplementary
Material, we present rigorous proofs for the results outlined in Section 0.1
of the paper. This chapter is organised as follows. In Section 1.2, we recall
the definition of the functional associated with the elliptic problem arising
from the study of the stationary solutions of the EBM depending on an ad-
ditive positive parameter q representing the carbon dioxide concentration.
In Section 1.3, we make rigorous the link between the functional Fq which
constitutes the variational problem and the Gibbs invariant measure of the
stochastic 1D-EBM. In Section 1.4, we rigorously prove the existence of a
global minimiser for the functional using the direct method from the calculus
of variations. Furthermore, we establish the regularity, non-negativity, and
boundedness of the minimiser. In Section 1.5, we characterise the uniqueness
of the global minimiser in terms of the value function, i.e., the minimum,
depending on q, among the values of the functional. Further, we show that
the derivative of the value function is, up to the sign, the global mean tem-
perature of the minimiser of the variational problem. Then, in Section 1.6
we prove that the value function is not only semiconcave but also concave.
In particular, this last property implies that the global mean temperature
of the variational problem minimiser is non-decreasing with respect to q.
Lastly, in Section 1.7 we provide sufficient conditions to prove the existence
of three steady-state solutions for the EBM. This relies on the use of the
Mountain Pass Theorem and the direct method from the calculus of varia-
tions.

35
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1.1 Model formulation
The fundamental mechanism of 1D-EBMs is that the temperature u(t, x),

averaged in the zonal direction, evolves in time due to: (i) the diffusion of
energy between adjacent regions, (ii) the energy absorbed by the planet,
and (iii) the energy emitted by the planet. The 1D-EBM we consider in
this paper is a Seller type EBM where the absorbed radiation depends on
an additive parameter ([6]). We only add a change in the diffusion term
in order to get a non-degenerate parabolic PDE. Given an initial condition
u0, the non-linear, parabolic, reaction-diffusion PDE governing the model is
given by:

CT
∂u

∂t
= ∂x [κ(x)∂xu] +Ra(x, u) −Re(u; q), t > 0, x ∈ (−1, 1)

κ(−1)ux(t,−1) = κ(1)ux(t, 1) = 0, t ≥ 0
u(0, x) = u0(x), x ∈ [−1, 1],

(1.1)

where Ra and Re represent the radiation absorbed and emitted by the planet
per unit area, respectively. CT is the heat capacity, and the differential
term parametrises the meridional heat transport. The boundary conditions
impose no flux at the poles. We now provide further details regarding the
parameterisation of these terms. The values of the constants of the model
can be found in Table 1.1.

Firstly, the absorbed radiation is assumed to have the form:

Ra(x, u) = Q0(x)(1 − α(u)),

where Q0 is the solar radiation per unit area, and α is the albedo. The solar
radiation is assumed to be

Q0(x) = Q̂0
(
c1 − c2x

2
)
, ci > 0

where Q̂0 is the mean solar radiation and ci are constants. The albedo,
which is the proportion of the incident light or radiation that is reflected
by a surface, is parametrised by a smooth monotonically increasing function
with a peak derivative in a reference temperature uref close to the melting
point of ice. Specifically

α(u) = α1 + (α2 − α1)
[1 + tanh (K(u− uref ))

2

]
where K > 0 is a rate parameter and α1 > α2 are respectively the ice-albedo
and the water-albedo.

Second, the emitted radiation is modelled using the Stefan-Boltzmann
law, in other words assuming that the Earth radiates as a black body. Under
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this assumption, the energy radiated is proportional to the fourth power of
its temperature and it is given by:

Re(u; q) = ε0σ0u
4 − q.

where ε0 and σ0 are respectively the emissivity and Boltzmann’s constant.
The additive parameter q describes, in a simplified way, the radiative forcing
by CO2, i.e. the effect of atmospheric CO2 on the energy budget [80]. It is
worth explaining: (i) the additive structure of q, and (ii) its independence
on the spatial variable x. About the first point, denote by C the global CO2
concentration in part per million (ppm) and assume, just for explanation
purposes, a dependence of the outgoing radiation both on u and C. To avoid
confusion, we denote by R̂e = R̂e(u,C) the outgoing radiation depending on
temperature and CO2 concentration. If we linearise R̂e w.r.t. temperature,
we get:

R̂e(u,C) ≈ A(C) +B(u− û),

where û is a reference temperature. In [65], three radiative transfer models
are used in order to get that the dependence of the outgoing radiation which
respect to changes in CO2 is given by:

A(C) = A1 −A2 · ln
(
C

C0

)
,

where C0 is a reference CO2 concentration and A1, A2 > 0 are explicit
constants. In conclusion

R̂e ≈ A1 +B(u− û) − q, q = A2 · ln
(
C

C0

)
,

and thus the radiative forcing of CO2 has an additive structure. About
point (ii), we adopt the well-mixed hypothesis for CO2. In other words, we
assume that atmospheric CO2 is globally homogeneous, thereby inducing a
radiative forcing q independent of latitude [46]. This assumption overlooks
the spatial pattern of CO2 concentration, which affects many aspects of the
climate system, such as the pole-ward heat transport [47]. It was the state-
of-the-art assumption two decades ago, although today it is common to keep
in consideration the spatial distribution of radiative forcing [46, 13, 86].

The third component of the model is the term ∂x (κ(x)ux). It parametrises
the meridional heat transport, that is the phenomenon resulting from the
poleward transportation of heat by the Earth-atmosphere system due to the
surplus of net radiation heating in the tropics and the deficit in the pole-
ward regions. Usually, the diffusion function κ(x) is assumed null at the
poles, i.e. with a form such as κ(x) = D(1 − x2), where D is a diffusion
constant. This choice is based on the paradigm of mimicking the conduction
of heat on a sphere, see ([72]) for a derivation. On the other hand, it leads
to mathematical difficulties in the treatment of the singular PDE arising, in
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particular in the study of the corresponding variational problem, from which
all our results follow. To avoid these difficulties, which at the moment re-
main an open problem to solve, we add as simplifying assumption that κ is
non-degenerate and given by:

κ(x) = D(1 − x2) + δ, D, δ > 0.

We choose δ = 0.003, but its value is not important for the results of this
work and different choices can be made.

For the parabolic problem (1.1), the global existence and uniqueness of
the solution can be demonstrated, given a regular initial condition ([82]).
Furthermore, if the initial condition is non-negative, the solution remains
non-negative for any time t > 0. This can be shown proving that [0,+∞)
is an invariant region for Eq. (1.1), exploiting the fact that there exist
C1, C2 > 0 such that R(x, u; q) > C1 > 0 for all x ∈ [−1, 1], u ∈ [0, C2]
([78]).

We recall the formulation of stochastic EBMs using the theory of SPDEs
([22]). Denote by ∆ the Laplace operator with Neumann boundary condi-
tions. Given an initial condition u0 ∈ H, we consider the SPDE

∂tu = κ∆u+Q0(x)β(u) + q −Re(u) + εdWt

u|t=0 = u0
(1.2)

where ε > 0 and (Wt)t≥0 is a cylindrical Brownian motion on H. Under
the minor cut-off modifications introduced in Section 0.1.1, it can be proved
that the H-valued stochastic process (ut)t which solves in mild sense (1.2)
is unique and has continuous trajectories ([22]). In addition to this, there
exists a unique Gibbs invariant measure

ν(du) = 1
Z

exp
(

− 2
ε2

∫ 1

−1
R(x, u; q)dx

)
µ(du), (1.3)

where R is as in Eq. (6), µ ∼ N(0,− ε2

2κ∆−1) is a symmetric Gaussian mea-
sure on H with covariance Q = − ε2

2κ∆−1 ([20, 21]).The covariance operator
Q : H → H is the unique linear operator such that

∫
H⟨h1, ϕ⟩⟨h2, ϕ⟩µ(dϕ)

for each h1, h2 ∈ H, where ⟨·, ·⟩ denotes the scalar product in H. Further,
it can be shown that Q is symmetric, positive-definite and its eigenvalues
(λk)k∈Z satisfy ∑k∈Z λk < ∞. In the following lines, given a symmetric,
positive-definite operator Q such that ∑k∈Z λk < +∞, we are going to ex-
plain how to construct an H-valued random variable X with law N(0,Q).
Indeed, consider a sequence (Rk)k∈Z of i.i.d. R-N(0, 1) random variables
defined on a probability space (Ω,F,P). We can assume without loss of gen-
erality that the eigenvectors (ek)k∈Z associated to the eigenvalues (λk)k∈Z
form an orthonormal basis of H. Then, the H-valued random variable

X =
∑
k∈Z

√
λkRkek,
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is well defined, i.e. the series defining X converges in L2(Ω,F,P;H), and
has law N(0,Q) [21, Proposition 2.18]. Further, the convergence also holds
P-a.s. in H [21, Proposition 2.13].

As mentioned in the introduction, this measure is concentrated on min-
imum points of the functional Fq. A heuristic explanation of this fact can
be found in Section 0.1.1.

The stationary problem associated with the 1D-EBM is given by the
elliptic equation:

(κ(x)ux)′ +Q0(x)β(u) + q − ε0σ0u
4 = 0, x ∈ (−1, 1)

u′(−1) = u′(1) = 0, u(x) ≥ 0.
(1.4)

These solutions can be either stable or unstable, depending on the long-term
behaviour of their infinitesimal perturbations. As pointed out in ([6]), if the
reaction-diffusion equation was space-homogeneous, i.e. of the form:

∂tu = κ∆u+R(u), (1.5)

then the stable steady-state solutions would correspond to constant func-
tions, taking the same values as the stable fixed point of the ODE

y′(t) = R(y(t)).

A rigorous result in this direction has been shown in ([38]). Indeed, for
a fixed double-well symmetric potential, it has been proved that: (i) if κ
is large enough, the only steady-state solutions of (1.5) are the constants
where the potential is critical, and (ii) the number of unstable steady-state
solutions to (1.5) can be made arbitrary large as κ → 0. Introducing a
spatial dependence in R = R(x, u) leads to a space-heterogeneous model.
Depending on the space heterogeneity, it can exhibit any number of both
stable and unstable steady-state solutions ([6]). The variational approach
to the study of steady-state solutions provides a tool for characterizing the
stable ones, which are the local minimum points of a functional.

In the following paragraph, we describe the properties of the solutions
of (1.4). As the parameter q changes, numerical simulations for Eq. (1.4)
suggest the existence of either one or three steady-state solutions. That is,
there exists q1 < q2 s.t. Eq. (1.1) has one steady-state solution if q < q1
or q > q2, and the steady-state solutions are three if q1 ≤ q ≤ q2. In
the latter case, we denote the solutions by uS ≤ uM ≤ uW , corresponding
respectively to the snowball climate, a middle climate and the warm climate.
As an analogy, we denote by uS the unique steady-state solution for q < q1
and by uW the unique one for q > q2. Figure 1.1a shows the bifurcation
diagram of the model in the (q, ū) plane, where ū =

∫ 1
−1 u(x) dx denotes the

average temperature. Figure 1.1b depicts the three steady-state solutions
for q = 25 ∈ (q1, q2).
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Figure 1.1: (a) Bifurcation diagram of the steady-state solutions in the (q, ū)
plane, with ū =

∫ 1
−1 u(x)dx. Solid lines denote stable solutions uS and uW ,

while dashed lines the unstable solution uM . (b) Steady-state solutions of
the EBM for q = 25. In every point x of the space domain, the three steady-
state solutions satisfy uS(x) < uM (x) < uW (x), with maximum temperature
attained at the equator and minimum temperature attained at the poles.

A stability analysis can be conducted to determine the stability of the
steady-state solutions. The results show that uS and uW are stable, while
the middle climate uM is unstable. Furthermore, it’s worth noting that
special values q = q1, q2 correspond to bifurcation points of saddle-node
type, where the unstable solution uM collides with either uW (for q = q1)
or uS (for q = q2) and then disappears. These numerical findings regarding
the number and stability of the steady-state solutions will be supported and
validated using rigorous arguments, as in Section 0.1.1.

Symbol Meaning Value
D Diffusivity constant 0.3
δ Meridional heat transport perturbation constant 0.003
Q̂0 Mean solar radiation 341.3 W m−2

ε0 Emissivity 0.61
σ0 Boltzmann’s constant 5.67 · 10−8W m−2 K−1

α1 Ice albedo 0.7
α2 Water albedo 0.289
K Constant rate - albedo parametrization 0.1
uref Reference temperature - albedo parametrization 275 K
CT Heat capacity 5 · 108 J m−2K−1

Table 1.1: Parameters and constants appearing in the Seller EBM (1.1).
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1.2 Functional definition
The 1D-EBM we consider has the form ([6]):

CT∂tu = ∂x (κ(x)ux) +Q0(x)β(u) + q − ε0σ0u
4, (t, x) ∈ [0, T ] × [−1, 1]

ux(t,−1) = ux(t, 1) = 0, t ≥ 0,
u(0, x) = u0(x),

where u0 denotes the initial condition. The steady-state solutions to the
previous problem are associated with the functional ([11, 71]):

Fq(u) =
∫ 1

−1
ε0σ0

(u5)+
5 −Q0(x)B(u) − qu dx+ 1

2

∫ 1

−1
κ(x)

[
u′(x)

]2
dx.

In Section 0.1, we have illustrated some properties of the minimiser of the
variational problem

inf
{
Fq(u) | u ∈ H1, u ≥ 0

}
.

In this paragraph, we give the details of the definition of the radiation bal-
ance

R(x, u; q) = Ra(x, u) −Re(u; q)

when u takes negative values, i.e. belongs to the unphysical range of tem-
perature values. We recall that the radiation emitted is defined as a cut-off
for negative value as in (8), i.e.

Re(u; q) =
{
ε0σ0u

4 − q, if u ≥ 0
−q, if u < 0.

Denote by Ψ a primitive of Re, i.e. Ψ(u) = ε0σ0
(u5)+

5 , where (x)+ =
max(x, 0). On the other hand, the co-albedo β : R+ → R is extended to
β̃ : R → R as follows. Consider β̃ be s.t. β̃ ∈ C∞ and

(i) β̃ is monotonically increasing

(ii) β̃(u) ≥ 0 ∀u ∈ R

(iii) β̃(u) = 0 for u ≤ −M , for some M > 0

(iv) β̃ extends β for u ≥ 0.

Denote by B(u) := B0 +
∫ u

0 β̃(v)dv a primitive of β, with B0 s.t. B(u) ≥
0 ∀u ∈ R. It will be useful in future to note that

0 ≤ B(u) ≤ |B0| + |u| ∀u. (1.6)
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In a similar way, we consider the extension of the Stefan-Boltzmann law
given by:

ψ(u) =
{
ε0σ0u

4, if u ≥ 0
0, if u < 0.

Lastly, since in our model we are assuming κ continuous and positive on
[−1, 1], we can also assume κ constant. Indeed, all the proofs, that in Chap-
ter 1 are carried with constant κ, extended immediately to the non-constant
case. In conclusion, the uniformly elliptic equation we are considering is
given by:

0 = κ∆u+Q0(x)β̃(u) + q − ψ(u),
u′(−1) = u′(1) = 0,

(1.7)

and the functional associated with its solution is

Fq(u) =
∫ 1

−1
Ψ(u) −Q0(x)B(u) − qu dx+ κ

2

∫ 1

−1

[
u′(x)

]2
dx.

1.3 Gibbs invariant measure and functional mini-
mum point

In this section, we make rigorous the relation between Fq and the in-
variant measure ν of the stochastic EBM. In particular, we prove a result
giving information about the concentration of ν around minimum points for
Fq. We start by recalling the notation and some useful results.

First, we set

I(u) :=
∫ 1

−1

(
ε0σ0

(u5)+
5 −Q0(x)B(u) − qu

)
dx.

Consider H = L2(−1, 1) and E = C([−1, 1]). Then, following the theory
SPDE, the stochastic equation obtained by adding a cylindrical Brownian
motion is a gradient SPDE of the form

dXt = [AXt + f(x,Xt)] dt+ εdWt, X|t=0 = x0 (1.8)

where (Wt)t is a cylindrical Wiener process on H and A = κ∆ is the Neu-
mann Laplacian with constant viscosity κ > 0, i.e. A : D(A) ⊂ H → H,

D(A) =
{
u ∈ H2(−1, 1) | u′(−1) = u′(1) = 0

}
Au = κu′′,

(1.9)

and
f(x, u) = Q0(x)β̃(u) + q − ε0σ0(u4)+

We refer to [20] for details about the properties of the previous SPDE. The
mild solution Xt of (1.8) is P−a.s valued in E. Further, applying the theory
of invariant measure developed in [21], we get the following property.
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Proposition 15. The SPDE (1.8) has a unique Gibbs invariant measure
ν. Further, ν ≪ µ with explicit formula:

ν(du) = 1
Z

exp
(

− 2
ε2 I(u)

)
µ(du), u ∈ H (1.10)

where µ ∼ N
(
0,− ε2

2 A
−1
)

is a Gaussian measure on H.

Remark 16. The Neumann Laplacian ∆ is not invertible on H = L2(−1, 1)
and the invariant measure theory applies for a strictly negative definite op-
erator A on H. For this reason, we should consider the strictly negative
operator

Ã := λId−A, λ > 0.

In this way, the functional takes the form:

Ĩ(u) = I(u) − λ∥u∥2
2,

and the reaction term in the SPDE is given by:

F (x, u) = f(x, u) − λu.

In conclusion, the invariant measure for the SPDE

dX̃t =
[
ÃX̃t + F (x,Xt)

]
dt+ εdWt, X̃|t=0 = x̃0

is given by:
ν̃(du) = 1

Z
exp

(
− 2
ε2 Ĩ(u)

)
µ̃(du), u ∈ H,

where µ̃ ∼ N(0,− ε2

2 Ã
−1) is a Gaussian measure on H. Since this change

only complicates the notation in the proofs, we will keep writing A−1 but the
reader should interpret the Laplacian with the shift described above, in order
to get the rigorous meaning.

Second, keeping in mind the previous remark, we adopt from now on the
notation:

Q = − ε2

2κ∆−1, µ (du; v,Q) ∼ N (v,Q) .

The following statement is a classical result about the equivalence of Gaus-
sian measures. See [21] for more details.

Theorem 17 (Cameron-Martin). The Gaussian measures µ (du; 0,Q) and
µ (du; v,Q) on H are equivalent if and only if v ∈ Q1/2(H). In this case:

µ (du; 0,Q)
µ (du; v,Q) = exp

(
−⟨Q−1/2u,Q−1/2v⟩ + 1

2
∥∥∥Q−1/2v

∥∥∥2

2

)
. (1.11)
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In the following, we are going to recall the rigorous meaning for

⟨Q−1/2u,Q−1/2v⟩L2 .

Consider

Wz : Q1/2(H) ⊂ H → L2(H,µ), Wz(u) := ⟨u,Q−1/2z⟩L2 .

It can be shown that:

(i) Wz is an isometry,

(ii) Q1/2(H) is dense in H (here it is fundamental ker(Q) = {0}.)

In this way, Wz can be extended in a unique way to a map Wz : H →
L2(H,µ). So, it should be interpreted as:

⟨Q−1/2u,Q−1/2v⟩L2 = WQ−1/2v(u), u ∈ H.

Remark 18. For our choice of the operator Q, we have that the Cameron-
Martin space is Q1/2(L2) = H1.

At this point, we move to prove the main result of this section. Given a
Banach space X, we denote by

BX(x0, ρ) = {x ∈ X | ∥x− x0∥X < ρ}

the open ball with center x0 ∈ X and radius ρ > 0.

Proposition 19. Let C > 0, r > 5 and v ∈ H2,2(−1, 1). Consider the set

BC(v, η) := BL2(v, η) ∩BLr (v, C).

Then,

(i) ν(BC(v, η)) C→+∞−−−−−→ ν(BL2(v, η))

(ii) µ(BC(0, η)) C→+∞−−−−−→ µ(BL2(0, η))

(iii) For each C > 0, it holds

ν(BC(v, η))
µ(BC(0, η)) = 1

Z
exp

(
− 2
ε2

(
Fq(v) +O(ηθ)

))
,

where θ ∈ (0, 1) satisfies

1
5 = θ

2 + 1 − θ

r
.
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Proof. Assume for simplicity κ = 1.
(i)-(ii) Observe that for v1 ∈ L2 ∩ Lr, we have:

BC1(v1, η) ⊂ BC2(v1, η), if C1 ≤ C2

and
BL2(v1, η) =

( ⋃
C>0

BC(v1, η)
)

∪
{
u ∈ L2 | ∥u∥r = ∞

}
.

Denote by B =
{
u ∈ L2 | ∥u∥r = ∞

}
. If we are able to prove:

µ (B) = 0,

then we get (i) and (ii) thanks to the continuity of measures on an increasing
sequence of sets. Since µ ∼ N(0,− ε2

2 ∆−1), then

µ = M
∞∑

n=1

Zn

n
en

where {Zn}n are i.i.d. N(0, 1) defined on the probability space (Ω,F,P),
{en}n is an orthonormal basis of H = L2(−1, 1) and M > 0 is a constant.
The previous series is convergent in L2((Ω,F,P);Hs), for all s < 1/2; indeed

∥µ∥2
Hs =

∥∥∥∥∥M∑
n

Zn

n
(−∆)sen

∥∥∥∥∥
2

2
=
∥∥∥∥∥M∑

n

Zn

n
nsen

∥∥∥∥∥
2

2
= M2∑

n

M
Z2

n

n2 n
2s

=
∑

n

Z2
n

n2−2s
.

Taking the expected values, we get

E∥µ∥2
Hs = M2∑

n

1
n2−2s

< ∞ ↔ s < 1/2.

The Sobolev embedding Hs(−1, 1) ↪→ Lp, holds for each p < ∞ if s is close
to 1/2. This leads to µ(B) = 0.

(iii) We start by using the explicit formula (1.10) in order to get

ν(BC(v, η))
µ(BC(0, η) = 1

Z

∫
BC(v,η) exp

(
− 2

ε2 I(u)
)
µ(du; 0,Q)

µ(BC(0, η); 0,Q) . (1.12)

Using the Cameron-Martin formula (1.11), we have

µ(du; 0,Q) = exp
(

−WQ−1/2v + 1
2
∥∥∥Q−1/2v

∥∥∥2

2

)
µ(du; v,Q)
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for each v ∈ Q1/2(L2) = H1. Since

Q−1/2u =
√

2
ε

(−∆)1/2 ,

and for v ∈ H2

WQ−1/2v(u) = ⟨u,Q−1/2Q−1/2v⟩ = 2
ε2 ⟨u, v′′⟩

we arrive to

µ(du; 0,Q) = exp
(

− 2
ε2 ⟨u′, v′⟩ + 1

ε2
∥∥v′∥∥2

2

)
µ(du; v,Q).

Plugging the previous identity into (1.12), we deduce:

ν(BC(v, η))
µ(BC(0, η)) = 1

Z

∫
BC(v,η) exp

[
− 2

ε2

(
I(u) + ⟨u′, v′⟩ − 1

2∥v′∥2
2

)]
µ(du; v,Q)

µ(BC(0, η); 0,Q)

Assume for a moment that we are able to prove:

− 2
ε2

(
I(u) + ⟨u′, v′⟩ − 1

2
∥∥v′∥∥2

2

)
= − 2

ε2

(
Fq(v) +O(ηθ)

)
, u ∈ BC(v, η),

(1.13)
for θ ∈ (0, 1). Then,

ν(BC(v, η))
µ(BC(0, η)) = 1

Z
exp

(
− 2
ε2

(
Fq(v) +O(ηθ)

)) µ(BC(v, η); v,Q)
µ(BC(0, η); 0,Q)

= 1
Z

exp
(

− 2
ε2

(
Fq(v) +O(ηθ)

))
,

where we have used

µ(BC(v, η); v,Q) = µ(BC(0, η); 0,Q).

This concludes the proof.

It remains to prove (1.13).

Lemma 20. If u ∈ BC(v, η) and v ∈ H2 then there exists θ ∈ (0, 1) s.t.

− 2
ε2

(
I(u) +WQ−1/2v(u) − 1

2
∥∥v′∥∥2

2

)
= − 2

ε2

(
Fq(v) +O(ηθ)

)
.

Proof. Assume for simplicity κ = 1. We divide the proof into steps.
Step 1: WQ−1/2v(u) = ⟨v′, v′⟩ +O(η), if u ∈ BC(v, η) and v ∈ H2.
Indeed, since v ∈ H2, we have WQ−1/2v(u) = −⟨u, v′′⟩ and∣∣−⟨u, v′′⟩ − ⟨v′, v′⟩

∣∣ =
∣∣−⟨u, v′′⟩ + ⟨v, v′′⟩

∣∣ =
∣∣⟨v − u, v′′⟩

∣∣
≤ ∥v − u∥2∥v∥H2 ≤ η∥v∥H2 .
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Step 2 : I(u) = I(v) +O(ηθ), if u ∈ BC(v, η).
Observe that:

|I(u) − I(v)| ≤ ε0σ0
5

∫ 1

−1

∣∣∣(u5)+ − (v5)+
∣∣∣ dx+

∫ 1

−1
Q0(x)|B(u) −B(v)|dx

+ q

∫ 1

−1
|u− v|dx

By the properties of B and Q0, we get that there exists M,M ′ > 0 s.t.∫ 1

−1
Q0(x)|B(u) −B(v)|dx+ q

∫ 1

−1
|u− v|dx ≤ M

∫ 1

−1
|u− v| dx ≤ M ′∥u− v∥2

≤ M ′η.

By the mean value theorem, we get that if u, v ≥ 0 and p ≥ 1, then

|up − vp| ≤ pmax {|u|, |v|}p−1 |u− v| ≤ p (|u| + |v|)p−1 |u− v|.

By this inequality, we get∫ 1

−1
|(up)+ − (vp)+| dx ≤ p

∫ 1

−1
(u+ + v+)p−1 |u+ − v+| dx.

Let q1 s.t. 1
p + 1

q1
= 1. By Holder’s inequality, we deduce:

∫ 1

−1
(u+ + v+)p−1 |(u)+ − (v)+| dx ≤

[∫ 1

−1
(u+ + v+)q1(p−1) dx

]1/q1

∥u+ − v+∥p

≤ ∥u+ + v+∥p/q1
p ∥u+ − v+∥p

≤
(
∥u∥p + ∥v∥p

)p/q1 ∥u− v∥p.

Choosing p = 5, by interpolation inequality there exists θ ∈ (0, 1) s.t.

∥u− v∥p ≤ ∥u− v∥θ
2∥u− v∥1−θ

r ≤ ηθC1−θ, u ∈ BC(v, η).

In this way, for u ∈ BC(v, η), we deduce∫ 1

−1

∣∣∣u5
+ − v5

+

∣∣∣dx ≤ p
(
∥u∥p + ∥v∥p

)p/q1 ∥u− v∥p

≤ p
(
C + 2∥v∥p

)p/q1
ηθC1−θ

= O(ηθ).
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1.4 Variational problem - existence
Given a Banach space X and a sequence {un}n ⊆ X, we denote by

un ⇀ u the weak convergence, while we reserve the symbol un → u for
strong convergence. Further, H1 = H1,2(−1, 1) will denote the Sobolev
Space on [−1, 1] with order 1 and exponent 2. The main result of this
section is the following.

Theorem 1. If q > 0, then there exists a global regular non-negative min-
imiser for Fq. In other words, if we consider the variational problem

inf
{
Fq(u) | u ∈ H1, u ≥ 0

}
, (10)

then there exists û ∈ C∞ s.t. û is a solution of the EBM and

Fq(û) = inf
{
Fq(u) | u ∈ H1, u ≥ 0

}
.

In addition to this, if q belongs to a bounded interval, then u can be bounded
uniformly with respect to q:

∃M > 0 s.t. û(x) ≤ M, ∀x ∈ [−1, 1]. (11)

Proof. Let assume for simplicity Q0(x) = 1 ∀x. This is not restrictive and
the proof can be carried on in a similar way since

Q0(x) > δ > 0.

We divide the proof into steps.
Step 1: compactness. We consider the notion of convergence on X given

by:

un
X−→ u∞ if and only if un −→ u∞ uniformly in [−1, 1] and u′

n ⇀ u′
∞ in L2.

We want to verify the compactness of the sublevel sets of Fq. Let {un}n ⊂ X
and M > 0 s.t M ≥ Fq(un) ∀n. First, we observe

M ≥ Fq(un) ≥
∫ 1

−1
ε0σ0

(u5
n)+
5 −B(un) − qun dx

= 2
[
ε0σ0

(u5
n)+
5 (ξn) −B(un)(ξn) − qun(ξn)

]

≥ 2
[
ε0σ0

(u5
n)+
5 (ξn) −B0 − |un(ξn)| − qun(ξn)

]
,

where the first inequality follows from Lagrange Theorem and ξn ∈ [−1, 1].
Since v 7→ ε0σ0(v5)+/5 − B(v) − qv explodes for v → ±∞, we get the
existence of C1 > 0 s.t. |un(ξn)| ≤ C1 ∀n. Second, we get ∀x ∈ [−1, 1]

|un(x)| ≤ |un(ξn)| + |un(x) − un(ξn)| ≤ C1 +
∥∥u′

n

∥∥
2|x− ξn|1/2, (1.14)
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the second inequality follows from the fact that a function in H1 is Holder-
continuous. Third, since (1.6) holds, we have

M ≥ Fq(un) ≥
∫ 1

−1
−B(un) − un dx+ 1

2
∥∥u′

n

∥∥
2

≳ −∥un∥1 + 1
2
∥∥u′

n

∥∥
2

≳ −C1 −
∥∥u′

n

∥∥
2 + 1

2
∥∥u′

n

∥∥2
2,

where a ≳ b if and only if exists c > 0 s.t. a ≥ c · b and the last inequality
follows from ∥un∥1 ≲ ∥un∥2 .The previous inequality of second order in the
unknown ∥u′

n∥2 is verified if and only if∥∥u′
n

∥∥
2 ≤ C2, (1.15)

for some C2 > 0. Up to remaining the subsequence, we have u′
n ⇀ v, for a

v ∈ H1. It remains to prove the uniform converge of un in [−1, 1]. Let’s do it
using the Ascoli-Arzelà theorem. We get equi-continuity from the properties
of the Sobolev space. Indeed

|un(x) − un(y)| ≤
∥∥u′

n

∥∥
L2 |x− y|1/2 ∀x, y ∈ [−1, 1]

and ∥u′
n∥L2 is bounded thanks to weak convergence. Since (1.14) holds, we

get also equi-boundedness. Then (up to remaining) un −→ u∞ uniformly in
[−1, 1].

It remains to prove u′
∞ = v in weak sense. Let ϕ ∈ C∞

c ([−1, 1]). Then,
by weak derivative definition,∫ 1

−1
unϕ

′ dx = −
∫ 1

−1
u′

nϕdx ∀n,

and taking the limit on both sides of the equality (we use uniform conver-
gence at left-hand side, and weak convergence at right-hand side)∫ 1

−1
u∞ϕ

′ dx = −
∫
vϕ dx

Step 2: lower semi-continuity of Fq. Let {un} ⊂ X be s.t. un
X−→ u. Let

F1, F2 be s.t.
Fq(u) = F1(u) + F2(u),

where

F1(u) :=
∫ 1

−1

ε0σ0(u5)+
5 −B(u) − qu dx, F2(u) := κ

2

∫ 1

−1
(u′)2 dx

By uniform convergence, we have limn→∞ F1(un) = F1(u); by lower semi-
continuity of the L2 norm w.r.t. weak convergence, we have lim infn→∞ F2(un) ≥
F2(u).
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In conclusion, Fq is lower semi-continuous and coercive. Then, ∃ û ∈ X
minimum point for Fq in X.

Step 3: regularity for û The first variation of Fq in the point u in direction
h is given by:

δFq(u, h) =
∫ 1

−1

(
ψ(u) − β̃(u) − q

)
h dx+ κ

∫ 1

−1
u′h′ dx.

Choosing h ∈ C∞
c ([−1, 1]) and setting ϕ(t) := Fq(û+ th), it holds ϕ′(0) = 0.

So:
0 = ϕ′(0) = δFq(û, h),

from which it follows∫ 1

−1

(
ψ(û) − β̃(û) − q

)
h dx = −κ

∫ 1

−1
û′h′ dx. (1.16)

Then
κû′′ = ψ(û) − β̃(û) − q (1.17)

in the weak sense. The right-hand side (RHS) is C0 because û ∈ H1. Then
û′ ∈ C1 and û ∈ C2. Repeating the bootstrap argument, we get û ∈ C∞.

Step 4: Neumann boundary conditions. Let h ∈ C∞. Following the same
arguments above, we get to (1.16). Integrating by parts the RHS, we have:∫ 1

−1

(
ψ(û) − β̃(û) − q − û′′

)
h dx = −κ

(
h(1)û′(1) − h(−1)û′(−1)

)
But the left-hand side of the previous equation is null thanks to (1.17).
Choosing h s.t. h(1) = 0 and h(−1) ̸= 0, it follows û′(−1) = 0. In a similar
way, we can get û′(1) = 0.

Step 5: û ≥ 0. This can be proved by the following truncation argument.
Assume there exists x0 ∈ [−1, 1] s.t. û(x0) < 0. Consider the following
points

τ1 := sup {x < x0 | û(x) = 0} , τ2 := inf {x > x0 | û(x) = 0} .

Let ũ be the truncation to 0 of û in [τ1, τ2], i.e.

ũ(x) :=
{
û(x) if x ∈ [τ1, τ2]c,
0 if x ∈ [τ1, τ2].

(1.18)

Then

Fq(û) − Fq(ũ) =
∫ τ2

τ1
ε0σ0

(û5)+
5 −Q0(x)B(û) − qû(x) dx

+ κ

2

∫ τ2

τ1

[
û′]2 dx+

∫ τ2

τ1
Q0(x)B(0) dx

≥
∫ τ2

τ1
Q0(x) (B(0) −B(û)) − qû(x) dx

> 0
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where the last inequality follows from the fact that B(0) ≥ −B(û(x)) and
q > 0. This is a contradiction and thus û(x) ≥ 0 ∀x ∈ [−1, 1].

Repeating again a truncation argument similar to the one used in the
last part of the previous proof, we can conclude the proof of the previous
result by showing that the minimiser is bounded from above.

Lemma 21. Assume q ∈ (0, b). Then, there exists M > 0 s.t. if û = û(q)
is the minimiser for Fq, then û ≤ M .

Proof. Indeed, set R(x, u) := ε0σ0
(u5)+

5 − Q0(x)B(u) − qu. Note that the
following inequalities hold

R(x, u) ≥ ε0σ0
u5

5 − ∥Q0∥∞B(u) − bu, u ≥ 0,

R(x, v) ≤ ε0σ0
v5

5 , v ≥ 0.

So, if we set G(x, u, v) := R(x, u) − R(x, v), we have, uniformly in x

G(x, u, v) ≥ ε0σ0

(
u5

5 − v5

5

)
− ∥Q0∥∞B(u) − bu.

Note that for each v ≥ 0 fixed the term on the right-hand side diverges to
+∞ for u → +∞. So, given v ≥ 0, there exists M = M(v) s.t if u ≥ M(v),
then G(x, u, v) ≥ 1 ∀x ∈ [−1, 1].

Let us pick v = 1. We want to prove that û(x) ≤ M ∀x ∈ [−1, 1].
Assume by contradiction that û(x0) > M for some x0 ∈ [−1, 1]. Set

τ1 := sup {x < x0 | û = M} , τ2 := inf {x > x0 | û = M} ,

and consider the truncated minimiser

ũ(x) :=
{
û(x) if x ∈ [τ1, τ2]c,
M if x ∈ [τ1, τ2].

(1.19)

Then

Fq(û) − Fq(ũ) ≥
∫ τ2

τ1
R(x, û(x)) − R(x,M)dx =

∫ τ2

τ1
G(x, û(x),M)dx.

Since by definition of τ1 and τ2, it holds û(x) ≥ M ∀x ∈ [τ1, τ2], then we
conclude

Fq(û) − Fq(ũ) > 0.

This is a contradiction and concludes the proof.
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1.5 Variational problem - uniqueness
In this section we are going to characterise the uniqueness for the solution

of the variational problem in terms of the value function, i.e. the minimum
value attained by Fq on H1.

The value function V is defined as follows:

V (q) = inf
{
Fq(u) : u ∈ H1

}
.

First of all, from the last result in Section 1.4 follows the Lipschitz property
for V .

Lemma 22. Assume q ∈ (0, b). Then, the value function q 7→ V (q) is
Lipschitz continuous.

Proof. First of all, observe that thanks to the non-negativity of the min-
imiser and Lemma 21 there exists M > 0 s.t.

V (q) = inf
{
Fq(u) | 0 ≤ u ≤ M, u ∈ H1

}
.

Second, given a family {fi}i∈I of Li-Lipschitz function fi, we know that the
infimum inf

i∈I
fi is Lipschitz as long as we can bound uniformly the constants

Li. In our case this is true. Indeed, given u ∈ H1, 0 ≤ u ≤ M , we have:

|Fq1(u) − Fq2(u)| = |q2 − q1|
∫ 1

1
|u(x)|dx ≤ 2M |q2 − q1|.

This concludes the proof.

The main result of this section is the following. We immediately give
its proof and postpone to the remaining part of the section the proof of
auxiliary results.

Proposition 23. Assume q ∈ (0, b). Then, V is differentiable in µ if and
only if there exists an unique minimiser for Fµ in H1. Further, if V is
differentiable, then

V ′(µ) = −
∫ 1

−1
ûdx,

with û ∈ argmin
{
Fµ(u) : u ∈ H1}.

Proof. ⇒) Let’s consider the auxiliary function

W : R × (H1 ∩ {u ≥ 0}) → R

given by:
W (q, u) := Fq(u) − V (q).
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As preliminary remarks, note thatW (q, u) ≥ 0 and, if û ∈ argmin
{
Fq(u) : u ∈ H1},

then W (q, û) = 0. The existence of minimiser has been proved in Theorem
1. To prove uniqueness, assume that u1, u2 are two minimisers. Since (i)
Fq is differentiable for each q, (ii) V is differentiable in µ by hypothesis and
(iii) W (µ, ui) = 0, i = 1, 2, then

0 = ∂qW (µ, ui) = −
∫ 1

−1
ui(x)dx− V ′(µ).

Thus
−
∫ 1

−1
u1(x)dx = −

∫ 1

−1
u2(x)dx = V ′(µ).

Using Lemma 23, we know that also u1 ∧ u2 is a minimiser. With the same
reasoning above, it holds

−
∫ 1

−1
u1(x)dx = −

∫ 1

−1
u2(x)dx = −

∫ 1

−1
u1 ∧ u2(x)dx

Since ui ≥ u1 ∧ u2 ≥ 0, the previous identities can hold only if u1 = u2.
⇐) Assume that, given µ, ∃! û minimiser for Fµ. Let {hn}n be a sequence

s.t. hn → 0. Let’s denote by uq a minimiser for Fq, i.e.

uq ∈ argmin{Fq(u) : u ∈ H1},

Then, set un := uµ+hn . We are going to show that V ′(µ) = −
∫ 1

−1 ûdx, i.e.

lim
n→∞

V (µ+ hn) − V (µ)
hn

= −
∫ 1

−1
ûdx.

First, observe that by definition of the value function, we have

V (µ+ hn) − V (µ)
hn

= Fµ+hn(un) − Fµ(û)
hn

≤ Fµ+hn(u∗) − Fµ(û)
hn

= −
∫ 1

−1
ûdx.

Hence
lim

n→∞
V (µ+ hn) − V (µ)

hn
≤ −

∫ 1

−1
ûdx.

On the other hand,

V (µ+ hn) − V (µ)
hn

= Fµ+hn(un) − Fµ(û)
hn

≥ Fµ+hn(un) − Fµ(un)
hn

= −
∫ 1

−1
undx.
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It follows that:

V (µ+ hn) − V (µ)
hn

≥ −
∫ 1

−1
ûdx+

∫ 1

−1
(û− un) dx

But the second integral on the right-hand side converges to zero as n → +∞
thanks to Lemma 25. This concludes the proof.

In order to complete the proof of the previous result, we need to verify
some auxiliaries lemmas. First, let’s prove that the infimum of two minimis-
ers for Fq is still a minimiser.

Lemma 24. If u1, u2 are minimisers for Fq in H1, then also u1 ∨ u2 and
u1 ∧ u2 are minimisers.

Proof. For simplicity of notation, set R(x, u) := ε0σ0
u5

5 − Q0(x)β(u) − qu.
Further, we divide the proof into steps.

Step 1: Fq(u1 ∧ u2) ≥ Fq(u1 ∨ u2).
We start observing that:

Fq(u1 ∧ u2) = κ

2

∫
u1≥u2

(u′
2)2dx+

∫
u1≥u2

R(x, u2)dx

+ κ

2

∫
u1<u2

(u′
1)2dx+

∫
u1<u2

R(x, u1)dx

≥ Fq(u1)

= κ

2

∫
u1≥u2

(u′
1)2dx+

∫
u1≥u2

R(x, u1)dx

+ κ

2

∫
u1<u2

(u′
1)2dx+

∫
u1<u2

R(x, u1)dx

where the inequality holds since u1 is a minimiser. So, we deduce

κ

2

∫
u1≥u2

(u′
2)2dx+

∫
u1≥u2

R(x, u2)dx ≥ κ

2

∫
u1≥u2

(u′
1)2dx+

∫
u1≥u2

R(x, u1)dx.

(1.20)
In a similar way, we get

κ

2

∫
u1<u2

(u′
1)2dx+

∫
u1<u2

R(x, u1)dx ≥ κ

2

∫
u1<u2

(u′
2)2dx+

∫
u1<u2

R(x, u2)dx.
(1.21)

Indeed, the previous inequality follows bounding from below Fq(u1 ∧ u2)
with Fq(u2) and comparing the terms on both sides of the inequality. Now,
adding together Eq. (1.20) and Eq. (1.21), we obtain the claimed relation
between Fq(u1 ∧ u2) and Fq(u1 ∨ u2):
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Fq(u1 ∧ u2) = κ

2

∫
u1≥u2

(u′
2)2dx+

∫
u1≥u2

R(x, u2)dx

+ κ

2

∫
u1<u2

(u′
1)2dx+

∫
u1<u2

R(x, u1)dx

≥ κ

2

∫
u1≥u2

(u′
1)2dx+

∫
u1≥u2

R(x, u1)dx

+ κ

2

∫
u1<u2

(u′
2)2dx+

∫
u1<u2

R(x, u2)dx

= Fq(u1 ∨ u2).

Step 2: Fq(u1 ∨ u2) ≥ Fq(u1 ∧ u2).
This inequality can be obtained by repeating the step above starting

with Fq(u1 ∨ u2) instead of Fq(u1 ∧ u2).
Step 3: Fq(u1) = Fq(u1 ∧ u2) = Fq(u1 ∨ u2).
The last identity follows from Step 1 and Step 2. To get the first identity,

let’s observe that in our case

Fq(u1) + Fq(u2) = Fq(u1 ∧ u2) + Fq(u1 ∨ u2). (1.22)

The previous identity can be verified by writing

Fq(v) = κ

2

∫
u1≥u2

(v′)2dx+κ

2

∫
u1<u2

(v′)2dx+
∫

u1≥u2
R(x, v)dx+

∫
u1<u2

R(x, v)dx,

for v = u1, u2, u1 ∧ u2, u1 ∨ u2. Then, it just consists in checking that
Eq. (1.22) holds. At this point, since Fq(u1) = Fq(u2) (because u1, u2 are
minimisers) and Fq(u1 ∧ u2) = Fq(u1 ∨ v2) (thanks to Step 1 and Step 2),
Eq. (1.22) can be rewritten as:

2Fq(u1) = 2Fq(u1 ∧ u2).

Second, we need to verify that the space integral of a sequence of min-
imisers behaves in a continuous way as the parameter q approaches a point
where the uniqueness hold for the variational problem.

Lemma 25. Assume q ∈ (0, b) and that there exists an unique minimiser û
for Fµ in H1. Consider a sequence qn s.t. qn → µ. Then,∫ 1

−1
undx →

∫ 1

−1
ûdx,

with un ∈ argmin
{
Fqn : u ∈ H1}.
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Proof. We divide the proof into several steps. Some of them will involve
repeating part of the direct method used to solve the variational problem
considered in Theorem 1.

Step 1: there exists u∞ ∈ H1 and a subsequence (nk)k s.t. unk
→ u∞

uniformly in [−1, 1] and u′
nk
⇀ u′

∞ weakly in L2.
Indeed, since V is continuous thanks to Lemma 22, we have:

Fqn(un) = V (qn) → V (µ) = Fµ(û).

In this way, we infer the existence of M > 0 s.t. Fqn(un) ≤ M ∀n. At this
point, we are in the same hypothesis of the proof for Theorem 1 - Step 1.
Following that reasoning, we get the claimed statement.

Step 2: Fµ(un) → Fµ(û).
Since û is a minimiser for Fµ, we have:

Fµ(un) ≥ Fµ(û) ∀n.

To get the thesis, we fix ε > 0 and we will verify that for n large enough it
holds

Fµ(un) ≤ Fµ(û) + ε.

Indeed
|Fµ(un) − Fµ(û)| ≤ |Fµ(un) − Fqn(un)| + |Fqn(un) − Fµ(û)|

≤ |µ− qn|∥un∥1 + |V (qn) − V (µ)|.

Thanks to Lemma 21, the term ∥un∥1 is bounded uniformly in n. Further,
by the continuity of V we conclude that the right-hand side converges to 0
for n → ∞.

Step 3: u∞ = û.
By proof of Theorem 1 - Step 2, we know that if unk

→ u∞ uniformly
in [−1, 1] and u′

nk
⇀ u′

∞ weakly in L2, then

lim inf
k

Fµ(unk
) ≥ Fµ(u∞).

Further, since the sequence Fµ(un) is convergent to Fµ(û), we get

Fµ(û) = lim
n
Fµ(un) = lim inf

k
Fµ(unk

) ≥ Fµ(u∞).

Thus, by the uniqueness of the minimiser for Fµ, we conclude û = u∞.
Step 4: un → û unif. in [−1, 1]. In particular, lim

n→∞

∫ 1
−1 undx =

∫ 1
−1 ûdx.

Take a subsequence unk
of un. We can use the same reasoning of Step 1

and get that there exists a subsubsequence unkh
s.t. unkh

→ u∞ uniformly
in [−1, 1]. But with the same reasoning in Step 3, it follows u∞ = û. Since
the limit does not depend on nkh

, we get the claimed statement.

Remark 26. Note that the previous result is equivalent to say that V ′ is
continuous, where it is defined.
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1.6 Value function - semiconcavity, concavity and
non-increasing derivative

In Section 1.5, we introduced the value function V as a tool for char-
acterizing the uniqueness of the variational problem through its differentia-
bility. In this section, our objective is to establish the semiconcavity of V .
Subsequently, we will demonstrate that V is also concave. This, in turn,
implies that its derivative is non-increasing wherever it is defined. The ex-
plicit expression for V ′ provided in Proposition 23 allows us to say that this
last property is equivalent to state that the map q 7→

∫ 1
−1 û(x)dx, where

û ∈ argmin
{
Fq(u) | u ∈ H1}, is non-decreasing on the set where V ′ is

well-defined. This set is the complement of a countable set.
First, we start by recalling the definition and the basic properties of

semiconcave functions. More details can be found in [16].
Definition 27. Let A ⊆ R. A function g : A → R is semiconcave if there
exists a non-decreasing upper semicontinuous function ω : R+ → R+ such
that lim

ρ→0+
ω(ρ) = 0 and

λg(q1) + (1 − λ)g(q2) − g(λq1 + (1 − λ)q2) ≤ λ(1 − λ)|q1 − q2|ω(|q1 − q2|),

for any pair q1, q2 ∈ A, such that the segment [q1, q2] is contained in A and
for any λ ∈ [0, 1]. We call ω a modulus of semicontinuity for g in A.

As in the case of Lipschitz functions, taking the infimum of a family
of semiconcave functions, the semiconcavity is preserved, provided that the
functions have the same modulus.
Lemma 28. [16, Proposition 2.1.5] Let {gi}i∈I be a family of functions
defined on A and semiconcave with the same modulus ω. Then the function
g := infi∈I gi is also semiconcave in A with the same modulus of ω, provided
g > −∞.

If a semiconcave function has a modulus satisfying a limiting property,
we retrieve the classical notion of concavity.
Lemma 29. [16, Proposition 2.1.9] Let g : A → R be semiconcave with A
open and with a modulus ω such that

lim
ρ→0+

ω(ρ)
ρ

= 0.

Then g is concave on all convex subsets of A.

Second, we recall some elementary properties from convex analysis. More
details can be found in [75]. Given g : A → R, whit A ⊂ R convex, we denote
by:

g′
−(q) = lim

h→0−

g(q + h) − g(q)
h

, g′
+(q) = lim

h→0+

g(q + h) − g(q)
h

,
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respectively the left and right derivative of g in q. The following lemma
summarises some basic results for a concave function.

Lemma 30. Let g : A → R be a concave function. Then the following
statements hold.

(i) g is differentiable at all but at most countably many points.

(ii) g′
− and g′

+ are well defined and, respectively, left and right continuous.

(iii) For each q1 < q2 ∈ Int(A), we have:

g′
+(q2) ≤ g′

−(q2) ≤ g′
+(q1) ≤ g′

−(q1).

Lastly, we are able to present the main result of the section.

Proposition 31. Let b > 0 and consider the value function V : (0, b) → R.
The following statements hold.

(i) Let ω be a non-decreasing upper semicontinuous function ω : R+ → R+
such that lim

ρ→0+
ω(ρ) = 0. Then the value function is semiconcave with

modulus ω.

(ii) The value function is concave.

(iii) There exists a countable set S ⊆ (0, b) such that V is differentiable on
Sc ∩ (0, b) and its derivative V ′ is non-increasing on Sc ∩ (0, b).

Proof. (a) Since V (q) = infu∈H1 Fq(u), thanks to Lemma 28 it is sufficient
to prove that, given u ∈ H1, the map q 7→ Fq(u) = F (q) is semiconcave.
This is true since Fq is an affine function which respect to q and thus its
modulus is also independent of u.
(b) It is a direct application of Lemma 29.
(c) Since V is concave, it is sufficient to recall the properties expressed in
Lemma 30 and remember that V is differentiable in q if and only if V ′

−(q) =
V ′

+(q), and in that case the derivative is equal to the side derivatives.

We conclude the section highlighting how the properties of the value
function’s derivative reflect on the global mean temperature of the varia-
tional problem’s minimiser.

Remark 32. By Froda’s theorem, a monotone function can have only jump
discontinuities and further they can be at most countable. Since V ′

−, V
′

+ are
monotone thanks to Lemma 30 and

V ′(q) = −
∫ 1

−1
û(x) dx,
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where û ∈ argmin
{
Fq(u) | u ∈ H1}, we get that the global mean temper-

ature, depending on q, is monotone increasing and continuous, except for
at most a countable number of jumps. Further, the jumps coincide with the
points in the set S from Proposition 31 where the value function V is not
differentiable.

Lastly, we demonstrate the applicability of this result to other reaction-
diffusion equations. We use as an example a spatially heterogeneous Allen-
Cahn equation (ACE), already considered in [6]. For an initial condition u0,
this model is given by:

∂tu = 1
100∆u+ u(1 − u2) + q + 1

2 cos(πx), x ∈ (−1, 1), t > 0,

ux(t,−1) = ux(t, 1) = 0, t ≥ 0,
u|t=0 = u0.

(1.23)

The associated elliptic problem is

0 = 1
100∆u+ u(1 − u2) + q + 1

2 cos(πx), x ∈ (−1, 1),

u′(−1) = u′(1) = 0.
(1.24)

In this case, the potential functional takes the form

Jq(u) =
∫ 1

−1

u4(x)
4 − u2(x)

2 − u(x)(q + 1
2 cos(πx)) dx,

and all the properties discussed in Section 0.1.1 and 0.1.2 can be extended
to this equation. Specifically, Theorems 1, 2 and 3 hold. But in this case,
the structure of the bifurcation diagram is more complex, even if symmetric
which respect to q = 0. Indeed, through numerical experiments, it is possible
to deduce the existence of 0 < q4 < q5 such that: (a) for |q| > q5 or |q| < q4,
there exists a single steady-state solution, which is stable, (b) for q4 < |q| <
q5, there are three steady-state solutions, two of which are stable while the
third is unstable. Further, q = q4, q5 are bifurcation points of saddle-node
type. We denote by u1 the steady-state solution for q < −q5, by u2, u3
the steady-state solutions appearing at the bifurcation point q = −q5 and
existing for −q5 < q < −q4 in addition to u1 and by u4, u5 the steady-state
solutions appearing at q = q4 and existing for q4 < q < q5 in addition to u3.
Regarding the potential functional Jq, in this case there exists q6 ∈ (q4, q5)
such that u1 is the global minimum point for the functional for q < −q6
and u3 is the global minimum point for −q6 < q < q6, while u5 becomes the
global minimum point for q > q6. A picture for the bifurcation diagram just
described and the value function is shown in Figure 1.2. Note that q = ±q6
are the only values of the parameter q for which the value function is not
differentiable and also the only points in which the global minimiser of the
variational problem is not unique.
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(a) (b)

Figure 1.2: Comparison between the value function and the bifurcation di-
agram for the non-homogeneous ACE. The magenta-shaded area highlights
the parts of the plots which are in one-to-one correspondence. (a) Potential
functional evaluated on the steady-state solutions: u1 is the global mini-
mum point for q < −q6, u3 is the global minimum point for −q6 < q < q6,
u5 is the global minimum point for q > q6. Note that q = ±q6 are the
non-differentiability point for the value function, corresponding to non-
uniqueness of the minimiser. (b) Bifurcation diagram.

1.7 Mountain Pass Theorem and existence of at
least three steady-state solutions

In this section, we are going to use the Mountain pass theorem (MPT)
from the calculus of variation to show the existence of at least three solutions
to the elliptic problem (1.7). First, we start by checking that the functional
Fq satisfies the compactness condition (Palais-Smale) needed in the hypoth-
esis of the MPT. Second, we are going to show how numerical simulations
suggest the existence of two (local) minimum points for Fq corresponding to
uS and uW ; thus, the MPT gives us the existence of a third critical point,
that corresponds to uM thanks to numerical simulations. Third, we are
giving sufficient hypotheses in order to prove the existence of the two local
minimum points mentioned before; the existence of these two local minimum
points is again obtained using the direct method.

Let (X, ∥·∥) be a reflexive Banach space, Φ ∈ C1(X,R) be a functional
and Φ′ denote the first variation of Φ.

Definition 33. The functional Φ satisfies the Palais-Smale condition ((PS)-
condition) if any sequence {un}n ⊂ X s.t.

Φ(un) is bounded and Φ′(un) → 0,

admits a convergent subsequence.
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The previous one is a compactness condition needed in order to use the
Mountain pass theorem, which loosely speaking affirms the existence of a
mountain pass between two valleys. See [50] for more details.

Theorem 34 (Mountain pass). If Φ satisfies the (PS)-condition, Φ(0) = 0
and

∃ρ, α > 0 s.t. Φ(x) ≥ α ∀x with ∥x∥ = ρ,

∃x1 s.t. ∥x1∥ > ρ and Φ(x1) ≤ 0

then, ∃x2 s.t. Φ(x2) = c ≥ α and x2 is a stationary point for Φ. Further,

c = inf
γ∈Γ

max
u∈γ([0,1])

Φ(u)

where:
Γ = {γ ∈ C([0, 1], X) : γ(0) = 0, γ(1) = x2} .

At this point, we already know from Theorem 1 the existence of a global
minimiser for Fq. On the other hand, numerical simulations suggest the
existence of a second local minimiser. Indeed, the second variation δ2Fq of
the functional Fq in the point u in direction h is given by:

δ2Fq(u, h) =
∫ 1

−1

[
4u3h−Q0(x)β′(u)h− κh′′

]
h dx.

We denote by:
λ1(u) ≤ λ2(u) ≤ · · · ,

the eigenvalues of the second variation

h 7→ 4u3h−Q0(x)β′(u)h− ∂x
(
κ(x)h′) .

We numerically evaluate the eigenvalues of the second variations in the three
steady-state points uS ≤ uM ≤ uW . The results, which are shown in Figure
1.3, tell us that uS and uW are strict local minimum points, except at the
bifurcations points. This is because the smallest eigenvalues λ1 for uS and
uW is positive, hence the second variation in uS and uW is positive definite.
From this, we get numerical evidence for the existence of a second minimiser.
At this point, the Mountain pass theorem guarantees the existence of a third
steady-state point, that from our numerical simulations corresponds to uM ,
if we are able to prove the (PS)-property for Fq. This is what we are going
to check in the following.

Let X be a reflexive Banach space and X∗ its dual space. Given xn, x ∈
X, denote by xn ⇀ x the weak convergence in X.

Definition 35. A : X → X∗ is of type (S)+ if any {xn}n ⊂ X s.t. xn ⇀ x
and lim sup

n→+∞
⟨A(xn), xn − x⟩ ≤ 0 imply xn → x in X.
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Figure 1.3: Smallest eigenvalue λ1 for the second variation in uS , uM , uW .

Let X = W 1,2
n = W 1,2

n (−1, 1), i.e. the Banach space

W 1,2
n (−1, 1) =

{
u ∈ W 1,2(−1, 1) : u = lim

n→∞
un in W 1,2,

un ∈ C∞([−1, 1]), u′
n(−1) = u′

n(1) = 0
}
.

Further, let A : X → X∗ be the operator given by:

⟨A(u), v⟩ =
∫ 1

−1
u′v′ dx,

where ⟨·, ·⟩ = X∗⟨·, ·⟩X denotes the duality pairing. We need to recall the
following property of the operator A.

Proposition 36 ([1]). The operator A is of type (S)+.

At this point, we are able to check the Palais-Smale condition for the
functional Fq.

Proposition 37. The functional Fq : W 1,2
n → R satisfies the (PS)-condition.

Proof. Consider {un}n ⊆ W 1,2
n and assume there existM > 0 and a sequence

{εn}n s.t.
|Fq(un)| ≤ M,

∥∥∥F ′
q(un)

∥∥∥(W 1,2
n )∗ ≤ εn, (1.25)

where εn > 0, εn → 0 and

⟨F ′
q(u), v⟩ =

∫ 1

−1

(
ψ(u)ε0σ0 − q − β̃(u)

)
v dx− ⟨A(u), v⟩

:=
∫ 1

−1
f(x, u)v dx− ⟨A(u), v⟩.
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The proof is divided in two steps.
Step 1: un is bounded in W 1,2

n .
This first step is a corollary of the proof of Theorem 1. Indeed, in that proof,
we assume Fq(un) ≤ M and we prove the boundedness of ∥un∥∞ thanks to
(1.14) and the boundedness of ∥u′

n∥2 thanks to (1.15).
Step 2: ∃ nk s.t. unk

→ u in W 1,2
n .

Up to subsequence, by the previous point we get un ⇀ u for some u ∈ W 1,2
n .

Since the embedding W 1,2
n ↪→ L2 is compact, we deduce, again up to a

subsequence, that un → u in L2. By (1.25), we have:

|⟨A(un), v⟩ − ⟨f, v⟩L2 | ≤ εn ∀v ∈ W 1,2
n .

So, we can choose v = un − u ∈ W 1,2
n and get

|⟨A(un), u− un⟩| ≤
∣∣∣⟨F ′

q(un), u− un⟩
∣∣∣+ |⟨f, u− un⟩L2 | ≤ εn + ∥f∥2∥un − u∥2.

Taking the limits on both sides of the previous inequality we get:

lim
n→∞

⟨A(un), u− un⟩ = 0.

Since the operator A is of type (S)+, we conclude un → u in W 1,2
n .

We conclude the section by giving sufficient conditions to have at least
three solutions for the elliptic PDE (1.7). We introduce

R̄ : R → R, R̄(u) = 1
2

∫ 1

−1
R(x, u)dx.

where we recall that R is such that:

Fq(u) = k

2
∥∥u′∥∥2

2 +
∫ 1

−1
R(x, u(x)) dx.

The assumptions we need in order to get our results are basically three: (1)
the space-averaged EBM with potential R̄ has (at least) two stable steady-
state solutions, (2) the viscosity κ > 0 of the 1D-EBM is sufficiently large,
(3) the two wells in the potential functional R̄ corresponding to the two
minimum points are sufficiently deep.

Theorem 2. Denote by BH1(v, ρ) = {u ∈ H1 | ||u − v||H1 < ρ} the open
ball in H1 with center v and radius ρ > 0. Assume R̄ has two non-negative
minimum points u1 ̸= u2, with Fq(u1) ≥ Fq(u2). Then, there exist ω > 0
and f, g ∈ O(ε−1) as ε → 0+ s.t. if ε̄ > 0 satisfies:

(i) R̄′′(ui) > f(ε̄), for i = 1, 2,

(ii) κ > g(ε̄),
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(iii) ε̄ ≤ ω,

then Fq has two local minimum points û1, û2 such that:

(a) BH1(u1, ε̄) ∩BH1(u2, ε̄) = ∅,

(b) ûi ∈ BH1(ui, ε̄), for i = 1, 2,

(c) If ||u− u1||H1 = ε̄, then Fq(u) ≥ Fq(u1) + δ, with δ = δ(ε̄) > 0.

Proof. The proof consists in repeating the direct method used to prove The-
orem 1 and applying it to the set H1 ∩BH1(ui, ε̄). Indeed, thanks to Lemma
38, we can find ε̄ > 0 s.t. BH1(u1, ε̄) ∩BH1(u2, ε̄) = ∅, ûi ∈ BH1(ui, ε̄) and

∥u− ui∥H1 = ε̄ =⇒ Fq(u) − Fq(ui) ≥ δ > 0, δ = δ(ε̄). (1.26)

Now, we consider the set

Xi = H1 ∩BH1(ui, ε̄),

where we stress the fact that BH1(ui, ε̄) denotes the closed ball in H1. Con-
sidering a sequence {un,i}n, we want to show that the sublevel sets of Fq are
compact in Xi under the following notion of convergence:

un,i
Xi−→ u∞ if and only if un,i −→ u∞ uniformly in [−1, 1] and u′

n,i ⇀ u′
∞ in L2.

Repeating the argument in the proof of Theorem 1, we get the existence of
u∞,i ∈ H1 s.t. un,i

Xi−→ u∞,i. Thanks to the uniform convergence, we have

∥u∞,i − ui∥2
H1 = ∥u∞,i − ui∥2

2 +
∥∥∥u′

∞,i

∥∥∥2

2
= lim

n
∥un,i − ui∥2

2 +
∥∥∥u′

∞,i

∥∥∥2

2
.

Second, for each n it holds

ε̄2 ≥ ∥un,i − ui∥2
H1 = ∥un,i − ui∥2

2 +
∥∥∥u′

n,i

∥∥∥2

2
.

Then, using the inferior lower-semi-continuity of the norm, we get:

ε̄2 ≥ lim inf
n

(
∥un,i − ui∥2

2 +
∥∥∥u′

n,i

∥∥∥2

2

)
= ∥u∞,i − ui∥2

2 + lim inf
n

∥∥∥u′
n,i

∥∥∥2

2

≥ ∥u∞,i − ui∥2
2

∥∥∥u′
∞,i

∥∥∥2

2
= ∥u∞,i − ui∥2

H1 .

Hence u∞,i ∈ BH1(ui, ε̄). Since Fq is lower semi-continuous, we get the
existence of ũi minimum point for Fq in Xi. But thanks to the property
(1.26), we deduce ∥ûi − ui∥H1 < ε̄. Hence ũi are local minimum points for
Fq in H1.
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Lemma 38. Assume R̄ has a minimum point û. Then, there exists ω > 0
and f, g ∈ O(ϵ−1) as ϵ → 0+ s.t. if ε > 0 satisfies:

(i) R̄′′(û) > f(ε),

(ii) κ > g(ε),

(iii) ε = ∥u− û∥H1 ≤ ω,

then Fq(u) ≥ Fq(û) + δ, with δ = δ(ε) > 0.

Proof. Let u ∈ H1 s.t. ∥u− û∥H1 = ε. Since ε2 = ∥u− û∥2
2 + ∥u′∥2

2, we
divide the proof in two cases according to the magnitude of ∥u− û∥2

2 and
∥u′∥2

2.
Case 1: ∥u′∥2

2 ≥ ε2/2 and ∥u− û∥2
2 ≤ ε2/2.

Since R(x, v) is locally Lipschitz in v uniformly in x, there exists L =
L(R, û) > 0 and ω = ω(R, û) > 0 s.t.

|R(x, v) − R(x, û| ≤ L|v − û|, |u− û| ≤ ω, x ∈ [−1, 1].

Thus, if ∥u− û∥∞ ≤ ∥u− û∥H1 = ε ≤ ω, it holds∫ 1

−1
|R(x, u(x) − R(x, û)|dx ≤ L∥u− û∥1 ≤

√
2L∥u− û∥2 ≤ Lε

Using the previous inequality and the bound on ∥u′∥2
2, we have

Fq(u) − Fq(û) ≥ −
∣∣∣∣∫ 1

−1
R(x, u(x)) − R(x, û) dx

∣∣∣∣+ k

2
∥∥u′∥∥2

2 ≥ −Lε+ κ
ε2

4 ,

and thus g(ε) := 4L
ε .

Case 2: ∥u′∥2
2 ≤ ε2/2 and ∥u− û∥2

2 ≥ ε2/2.
Let’s consider ū = 1

2
∫ 1

−1 u(x)dx. We start by pointing out two useful
inequalities. First

|ū− û| =
∣∣∣∣12
∫ 1

−1
u(x)dx− û

∣∣∣∣ =
∣∣∣∣12
∫ 1

−1
u(x) − ûdx

∣∣∣∣ ≤ ∥u− û∥∞ (1.27)

Second, for each x ∈ [−1, 1], it holds:

|u(x) − ū| =
∣∣∣∣12
∫ 1

−1
(u(x) − u(y)) dx

∣∣∣∣ ≤ 1
2
∥∥u′∥∥

2 ·
∫ 1

−1
|x− y|1/2dy ≤

√
2
∥∥u′∥∥

2,

(1.28)
where the first inequality follows from the Holder properties of the Sobolev
space H1. At this point, the estimate on the value of the functional at u
can be done considering

Fq(u) − Fq(û) ≥
∫ 1

−1
R(x, u(x)) − R(x, û)dx
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and using a Taylor expansion for R. Indeed,

R(x, u(x)) = R(x, û) + Ru(x, û)(u(x) − û) + Ruu(x, û)(u(x) − û)2

2
+O(∥u− û∥3

∞).

Performing the decomposition

u(x) − û = (u(x) − ū) + (ū− û) ,

we observe that:∫ 1

−1
Ru(x, û)(ū− û)dx = (ū− û)

∫ 1

−1
Ru(x, û)dx = (ū− û)2R̄′(û) = 0

and thus∫ 1

−1
R(x, u(x)) − R(x, û)dx =

∫ 1

−1
Ru(x, û)(u(x) − ū)dx

+
∫ 1

−1
Ruu(x, û)(u(x) − û)2

2 dx

+O(∥u− û∥3
∞)

(1.29)

The absolute value of the first term on the right-hand side can be bounded
thanks to (1.28) and Holder’s inequality. Indeed∣∣∣∣∫ 1

−1
Ru(x, û)(u(x) − ū)dx

∣∣∣∣ ≤ ∥Ru(·, û)∥∞∥u− ū∥1 ≤ 2
√

2∥Ru(·, û)∥∞
∥∥u′∥∥

2

≤ 2∥Ru(·, û)∥∞ε.

Now, need to estimate the second term on the RHS of (1.29). Adding and
subtracting R̄′′(û), we have:∫ 1

−1
Ruu(x, û)(u(x) − û)2

2 dx = 1
2

∫ 1

−1
R̄′′(û)(u− û)2dx

+ 1
2

∫ 1

−1

(
Ruu(x, û) − R̄′′(û)

)
(u− û)2dx.

(1.30)

The first term on the RHS is large thanks to the central assumption of Case
2. In fact

1
2

∫ 1

−1
R̄′′(û)(u− û)2dx = R̄′′(û)

2 ∥u− û∥2
2 ≥ R̄′′(û)ε

2

4 .

The absolute value of the second term on the RHS of (1.30) can be bounded
using Holder’s inequality as follows:∣∣∣∣12

∫ 1

−1

(
Ruu(x, û) − R̄′′(û)

)
(u− û)2dx

∣∣∣∣ ≤ 1
2
∥∥∥R̄′′(û) − Ruu(·, û)

∥∥∥
∞

∥u− û∥2
2

≤
∥∥∥R̄′′(û) − Ruu(·, û)

∥∥∥
∞

ε2

2 .
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Summing up, we have shown

Fq(u) − Fq(û) ≥ −2ε∥Ru(·, û)∥∞ + ε2

4 R̄′′(û) − ε2

2

∥∥∥∥∥R̄′′(û) − ε2

2 Ruu(·, û)
∥∥∥∥∥

∞

+O(ε3),

= ε2

2 R̄′′(û) + f1(ε) =: δ(ε)

with f1 ∈ O(ε), f1 negative for small ε and

f(ε) := − 2
ε2 f1(ε) ∈ O(ε−1).

In conclusion, applying the MPT we get the following result.

Corollary 39. If the hypothesis of Theorem 2 are satisfied, then the elliptic
problem (1.7) has at least three solutions.

1.8 Numerical methods
In this section, we describe the numerical method adopted to approx-

imate the solutions of the elliptic problem (1.4) numerically. We used a
classical finite difference scheme, which we are going to illustrate ([74, 83]).
To simplify the notation, let’s define f(x, u) = Re(x, u) − Ra(u) the non-
linear reaction term. We consider a uniform mesh for [−1, 1] made of n+ 1
points

x0 = −1 < x1 < · · · < xn = 1, xi = −1 + i∆x, i = 0, ..., n, ∆x = 2
n
.

Then, the solution to the problem can be approximated by considering the
system

ui−1κi− 1
2

− ui(κi− 1
2

+ κi+ 1
2
) + ui+1κi+ 1

2

∆x2 + f(xi, ui) = 0, i = 0, ..., n
u1 − u−1

2∆x = un+1 − un−1
2∆x = 0

where u−1, un+1 are ghost points and ui = u(xi), κi± 1
2

= κ(xi± 1
2
), xi± 1

2
:=

xi ± ∆x/2. The system of equations can be written in vector form as:

1
∆x2


−∆x/2 0 ∆x/2
κ−1/2 −(κ−1/2 + κ1/2) κ1/2

. . . . . . . . .
κn−1/2 −(κn−1/2 + κn+1/2) κn+1/2
−∆x/2 0 ∆x/2

 u⃗+


0
f0
...
fn

0

 = 0⃗,



CHAPTER 1. A CLASS OF SPACE HETEROGENEOUS 1D-EBMS 68

with u⃗ =
[
u−1, · · ·un+1

]T
and fi = f(xi, u(xi)). At this point, multiplying

the first equation by 2κ1/2
∆x , subtracting the second one and dividing by 2,

we get
−
κ−1/2 + κ1/2

2 u−1 +
κ−1/2 + κ1/2

2 u0 − f0
2 = 0.

In a symmetric way, multiplying the last equation by −2κn−1/2
∆x , subtracting

the second last equation and dividing by 2, we get

κn−1/2 + κn+1/2
2 un −

κn−1/2 + κn+1/2
2 un+1 − fn

2 = 0.

In this way, the Neumann version of the elliptic problem has the form:

Au⃗+


−f0/2
f0
...
fn

−fn/2

 = 0⃗,

where A ∈ R(n+3)×(n+3) is given by

A := 1
∆x2



−κ−1/2+κ1/2
2

κ−1/2+κ1/2
2

κ−1/2 −(κ−1/2 + κ1/2) κ1/2
. . . . . . . . .

κn−1/2 −(κn−1/2 + κn+1/2) κn+1/2
κn−1/2+κn+1/2

2 −κn−1/2+κn+1/2
2


.

Thus, the previous system consists in a set of (n+ 3) non-linear equations,
whose solution u⃗ can be approximated using the Newton-Raphson method
(NRM). The initial guess used to start the iteration in NRM is obtained
via a shooting method, thus reducing the boundary value problem given by
the elliptic PDE in Eq. (1.4) to an initial value problem (IVP). A linear
search is applied to find the shooting parameter, i.e. the initial condition of
the IVP. Lastly, the solution of the IVP is approximated using the classical
Euler’s method for ODEs.



Chapter 2

A stochastic one-dimensional
energy balance model for
climate change

This chapter covers the content of [25], where we develop a three-timescale
framework for modelling climate change and introduce a space-heterogeneous
one-dimensional energy balance model. This model, addressing temperature
fluctuations from rising carbon dioxide levels and the super-greenhouse ef-
fect in tropical regions, fits within the three-timescale setting setting and
is given by a stochastic reaction-diffusion equations. Our results show how
both mean and variance of temperature increase, without the system going
through a bifurcation point. This study aims to advance the conceptual un-
derstanding of the extreme weather events frequency increase due to climate
change.

More in detail, this chapter is organised as follows. In Section 2.1, we
introduce the non-autonomous framework for weather, macroweather, and
climate, with a particular focus on the latter two. We outline the scale
separation between them and provide their tentative definitions. This first,
abstract part culminates in a link between macroweather and climate, justi-
fying an adiabatic approach to studying the former in the presence of a non-
autonomous dependence, such as CO2 concentration in the atmosphere. In
Section 2.2, we begin by recalling the key concepts of EBMs, starting with
the zero-dimensional version in Section 2.2.1. We discuss why EBMs are
suitable for describing macroweather and how they can explain the increase
in global mean temperature (GMT) due to rising CO2 concentrations. In
Section 2.2.2, we introduce our new 1D-EBM, detailing the parametrisation
of all the terms of the parabolic partial differential equation (PDE). Section
2.2.3 describes the deterministic properties of the model, such as the exis-
tence of one or more steady-state solutions and their dependence on the CO2
parameter. In Section 2.2.4, we discuss the stochastic extension of the model

69
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and its properties, including the existence of an explicit invariant measure.
Section 2.2.5 presents the main results of the second part. We demonstrate
how our model predicts an increase in the variance of temperature fluctua-
tions under CO2 in the current climate configuration, without introducing
new bifurcation points. We use both numerical tools and theoretical ar-
guments to explain and understand this phenomenon. Finally, Section 2.3
details the finite-difference scheme used for numerical simulations and some
spectral properties needed to deduce the existence of the invariant measure
for the stochastic problem.

2.1 The non-autonomous scheme with three timescales
In Section 2.2 below, we introduce a stochastic EBM with suitable space

dependence, and a slowly varying parameter corresponding to CO2 con-
centration, in order to investigate the time-change of fluctuations, as also
discussed in the Introduction. There are three different timescales involved
in this modelling. We could skip the first one by just mentioning [44], and
restrict ourselves to two timescales only, but at the same time we want to
insist on the non-autonomous structure of the modelling, hence it is conve-
nient to enlarge the discussion a bit.

In the modelling we have in mind, there are three timescales, called:

• weather, where variations are visible at the timescale of hours/day
(variables will be denoted by Vw (t), Tw (t) etc.);

• macroweather, where variations are visible at the timescale of month-
s/year (variables will be denoted by Vmw (t), Tmw (t) etc.);

• climate, changing at the timescale of dozens of years (probability mea-
sures and their expected values characterise this level, still changing
in time).

Subdivision and attribution of a precise timescale are not strict.

Remark 40. The reader will realise that, for the purpose of Section 2.2,
we could start from Subsection 2.1.5. Let us then explain why we think that
Subsections 2.1.1-2.1.4 are also very important. As already said, a main
purpose of this work is to identify possible explanations for an increase in
variance, when a parameter changes. In a sentence, the two main ingredi-
ents are a noise in the system equations and a suitable non-linearity which
amplifies the variations of the noise in a different way for different values
of the parameter. The noise, then, is crucial. Subsections 2.1.1-2.1.4 are
devoted to explaining its origin.
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2.1.1 The weather timescale

Following [44], it is natural to model the weather scale by deterministic
equations, ordinary equations for simplicity of notation (but the ideas are
the same for PDEs); randomness can be introduced but it is not strictly
necessary, except maybe for a description of the uncertainty about initial
conditions and parameters, not included in the present discussion. Follow-
ing [44], we distinguish the main physical variables in fast and slow ones,
according to a system of the form

∂tVw = f (Vw, Tw)
∂tTw = ϵg (Vw, Tw, q (ϵt))

q (t) slowly varying

for a small ϵ > 0. Here Vw changes in unitary time (corresponding to
hours/day), and Tw varies very slowly (monthly, say). In addition, the slow
variable is influenced by a slow time-change of structure, described by the
time-varying parameters q (ϵt). The function q (t) is assumed to be slowly
varying, hence q (ϵt) is super-slowly varying (from here the three timescales
arise).

The parameter τ = 1
ϵ corresponds to the typical reaction time of the

slow variables, measured in the unitary time of V . Appreciable changes of
T happen in a time of order τ , at the weather scale.

With great simplification, we may think that V collects the fluid dy-
namic variables (the fluid V elocity plus other related variables), which are
very unstable and rapidly changing at the daily level, while T represents
Temperature. In this case, the unit of time at the weather level is of the
order of hours, and τ = 1

ϵ is of the order of a few months, hence e.g. of order
100. On the contrary, the time-change of CO2 concentration, call it τCO2 ,
is of the order of a dozen of years, hence e.g. of order 10000 in the weather
scale. With these figures, q (t) has a relaxation time of 100 and q (ϵt) of
order 10000.

2.1.2 Macroweather timescale for T

Then we change the scale and set

T̃mw (t) = Tw

(
t

ϵ

)
so that we observe variations of T̃mw (t) in unitary time. We call this the
macroweather timescale. It holds

∂tT̃mw (t) = g

(
Vw

(
t

ϵ

)
, T̃mw (t) , q (t)

)
.
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Let us recall that, at this timescale, q varies very slowly. Let us look for a
simplification of this equation, where Vw does not appear any more.

2.1.3 The averaging approximation

Let us heuristically describe the averaging approximation, which can be
made rigorous under proper assumptions for suitable systems, see [36].

At the integral level, we have

T̃mw (t) − T̃mw (t0) =
∫ t

t0
g

(
Vw

(
s

ϵ

)
, T̃mw (s) , q (s)

)
ds.

If t− t0 is small, let us use the reasonable approximation

∼
∫ t

t0
g

(
Vw

(
s

ϵ

)
, T̃mw (t0) , q (t0)

)
ds

= (t− t0) 1
t− t0

∫ t

t0
g

(
Vw

(
s

ϵ

)
, T̃mw (t0) , q (t0)

)
ds.

Then, if ϵ << t− t0, we heuristically invoke an ergodic theorem and approx-
imate

∼ (t− t0)
∫
g
(
v, T̃mw (t0) , q (t0)

)
ν

T̃mw(t0) (dv)

where ντ (dv) is invariant for

∂tV = f (V, τ) .

Setting
g (τ, q) =

∫
g (v, τ, q) ντ (dv)

we may write
= (t− t0) g

(
T̃mw (t0) , q (t0)

)
and then again approximate it to

∼
∫ t

t0
g
(
T̃mw (s) , q (s)

)
ds.

Hence we get the simplified model

∂tTmw (t) = g
(
Tmw (t) , q (t)

)
.

2.1.4 Hasselmann’s proposal

However, in our case, this simplification is not realistic. If ϵ is of or-
der 1

100 , then t − t0 is of order one, because we need the validity of the
approximation

1
t− t0

∫ t

t0
g

(
Vw

(
s

ϵ

)
, a, b

)
ds ∼

∫
g (v, a, b) νa (dv) .
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But on a time of order one, we observe variations of T̃mw (t), we said above,
hence the approximation∫ t

t0
g

(
Vw

(
s

ϵ

)
, T̃mw (s) , q (s)

)
ds ∼∫ t

t0
g

(
Vw

(
s

ϵ

)
, T̃mw (t0) , q (t0)

)
ds

is not so strict (on the contrary, it is excellent for the q (s) ∼ q (t0)
approximation).

We need to keep fluctuations into account at the macroweather scale.
A phenomenological way (Hasselmann’s proposal) is to replace the model
above by

dTmw (t) = g (Tmw (t) , q (t)) dt+
√
ϵσ (Tmw (t) , q (t)) ◦ dW (t)

for a suitable "volatility" σ (Stratonovich integral ◦ looks more appropriate).
In [44], heuristic justifications are given, inspired for instance the random
displacements of a Brownian particle in a fluid of molecules (which on their
own are subject to a deterministic fast dynamics, coupled with the slow de-
terministic dynamic of the bigger particle). The Bremen school on Random
Dynamical Systems and other research groups explored for some time rigor-
ous justifications for this proposal, but a final answer is not known, see for
instance [3, 52]. However, the observation of temperature time series at the
timescale of month-year clearly shows some form of stochasticity and thus
Hasselmann’s proposal looks very appealing.

For our purposes below, adhering to Hasselmann’s proposal is essential,
since our results are the consequence of random perturbations of a non-
linear system representing climate dynamics at the macroweather timescale,
namely a stochastic version of the EBM. Random perturbations are often
accepted just based on the generic justification of an unknown coupling
with other segments of the physical system (which at the end of the story
is the reason also here, namely the coupling with the fast variables) but
Hasselmann’s proposal is a more precise explanation.

Let us however advise the reader that we shall start, in our example
below, from a stochastic PDE for the temperature macroweather-scale, given
a priori, not derived precisely from the weather scale as described above. We
want to concentrate on the consequences of particular non-linearities. Our
model will have the simplified form

dTmw (t) = g (Tmw (t) , q (t)) dt+
√
ϵσdW (t)

with constant σ.
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2.1.5 Macroweather and climate

As announced at the end of Subsection 2.1.4, our investigation starts
from an equation of the form (stochastic differential equation or SPDE)

dT (t) = g (T (t) , q (t)) dt+ σdW (t) (2.1)
q (t) slowly varying

where we skip the subscripts but keep in mind that it is a macroweather
model, we have skipped the factor

√
ϵ but we shall choose a small diffusion

coefficient σ, and the non-linear function g will be chosen by means of typical
arguments related to EBM’s. The slowly varying function q (t) will describe
the effect, in the model, of slowly varying CO2-concentration, appreciated
on a timescale of dozens of years.

The climate is a collection of statistical information from the time series
of this model. If it were an autonomous system (q (t) equal to a constant),
we would invoke invariant measures. Due to the time-change in g, we have
to use the formalism of time-varying invariant measures. However, at the
simulation level, we approximate this time-varying system by an adiabatic
system parametrised by a parameter q:

dT (t) = g (T (t) , q) dt+ σdW (t)

and investigate its invariant measures, parametrised by q. The slow change
of statistics for the true non-autonomous system is mimicked by the change
of statistics when the parameter q is changed.

Concerning precisely the concept of climate, let us introduce some for-
malism. We again limit ourselves to stochastic differential equations (SDEs)
on an Euclidean space Rd (e.g. the space-discretisation of a stochastic partial
differential equation, as in our main example below) but the concepts can be
widely generalised, see for instance [34] for a non-autonomous abstract ran-
dom dynamical system framework related to the weather-climate dichotomy
(that we improve hereby introducing a third level, the macroweather). Call
Pr
(
Rd
)

the set of probability measures on Borel sets of Rd. Consider the
SDE (2.1) on the full real line of time. Assume that W (t) is a d-dimensional
two-sided Brownian motion defined on a Probability space (Ω,F,P) with ex-
pectation E. Assume that, for the Cauchy problem on the half line [t0,∞)
with initial condition T0 at time t0, with arbitrary t0 and T0, at least weak
global existence and uniqueness in law holds, and denote the solution by
T t0,T0 (t), t ∈ [t0,∞); assume T0 7→ T t0,T0 (t) is Borel measurable from Rd

to Pr
(
Rd
)

endowed with the weak convergence of measures.
For all t0 < t, we introduce the Markov semigroup Pt0,t mapping Pr

(
Rd
)

into Pr
(
Rd
)

defined by the identity∫
Rd
ϕ (y) (Pt0,tν) (dy) = E

∫
Rd
ϕ
(
T t0,T0 (t)

)
ν (dT0)
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for every ν ∈ Pr
(
Rd
)

and every bounded continuous test function ϕ on Rd.
One can prove that

Pr,tPs,r = Ps,t

Ps,s = Id.

Moreover, one can link the Markov operator for equation (2.1) to the Fokker-
Planck equation

∂tf + div (g (·, q) f) = σ2

2 ∆f

but we do not stress the rigorous results here.
The set of probability densities Pr

(
Rd
)

is the state-space for the climate.
In other words, any ν ∈ Pr

(
Rd
)

is a (possible) state for the climate. Further,
fixed the times t0 < t, the operator Pt0,t defines the evolution, from t0 to
t, of the climate dynamics. Thus, we look for the climate concept inside
the class of time-varying invariant measures which are invariant under the
operator defining the climate dynamics, i.e. a family

{µt}t∈R ⊂ Pr
(
Rd
)

such that
Ps,tµs = µt for every s ≤ t.

Remark 41. The concept of time-dependent invariant measure {µt}t∈R
should not be confused with any solution of the Fokker-Planck equation.
Similarly to the fact that, in many cases, the invariant measure µ of an
autonomous system is the limit, as t → +∞, of the law of the solution Xx0

t

starting at time t = 0 from the initial condition x0, independent of x0, the
time-dependent invariant measure µt is expected to be, in many cases, the
limit as t0 → −∞ of the law of the solution Xt0,x0

t starting at time t0 from
x0, independently of x0 (property that we could call "pull-back convergence
to the equilibrium").

Two simple illustrative examples are the Ornstein-Uhlenbeck equations
with periodic or linear growth. For the periodic equation

dXt = −Xtdt+ sin(t)dt+ dWt

the unique time-dependent invariant measure µt is the law, 2π-periodic of
the process

Xt :=
∫ t

−∞
e−(t−s) sin(s)ds+

∫ t

−∞
e−(t−s)dWs.

For the linear growth equation (closer to our model with CO2 increase)

dXt = −Xtdt+ tdt+ dWt



CHAPTER 2. A STOCHASTIC 1D-EBM FOR CLIMATE CHANGE 76

the unique time-dependent invariant measure µt is the law of the process

Xt :=
∫ t

−∞
e−(t−s)sds+

∫ t

−∞
e−(t−s)dWs.

Under suitable assumptions for the stochastic equations, there are results
of existence (easy, in particular relying on the existence of a compact global
attractor) and also uniqueness (more difficult) for such invariant families.
This part of the theory is in progress. When the invariant measure {µt}t∈R
is unique, we call it "the climate".

When uniqueness does not hold or it is not known, the idea could be to
look for families µt not only invariant but also with additional properties
of interest for physical sciences or other reasons. A typical one could be a
pull-back version of "convergence to equilibrium":

µt = lim
s→−∞

Ps,tλ (2.2)

where λ is a "natural" measure, as a rotation invariant centred Gaussian
measure on Rd. For simplicity of understanding, the reader can assume that
there is one and only one invariant family µt or one selected by the pull-back
property above.

If q (t) varies very slowly, we expect that also µt varies accordingly, and
thus an adiabatic approach to the numerical computation of µt is reasonable,
as already remarked above.

It is crucial to emphasise the following point. We believe that viewing
climate as a time-dependent invariant measure, constructed in the pull-back
sense, is not only a rigorous definition but also a physically meaningful
one. Indeed, the current climate is the result of a long-term evolution that
began in the distant past, where the dependence on the initial condition has
been lost. This idea, together with the application to geophysical science of
concepts from dynamical systems theory, developed in the 1990s ([18, 2]),
began gaining traction approximately fifteen years ago ([41, 17]).

2.2 A new 1D-EBM with tropics bistability

2.2.1 The macroweather timescale and the global mean tem-
perature increase due to CO2 concentration

EBMs are elementary climate models where, in the simplest form, the
temperature of the planet evolves according to the balance of the radiation
absorbed and emitted by the Earth ([12, 77, 67, 40, 42]). Their ability to
capture the essential dynamics of Earth’s climate system while remaining
computationally tractable makes EBMs valuable tools for understanding a
wide range of climate phenomena, from the onset of ice ages to the im-
pacts of greenhouse gas emissions on global temperatures ([29, 6]). There
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exists a spectrum of complexity for this kind of model, starting from the
zero-dimensional (0D) case, moving to the one-dimensional (1D) case, and
arriving at higher-dimensional models ([72]). Before delving into the details
of our 1D-EBM with space heterogeneous radiation balance, we illustrate
(i) why an EBM has a macroweather timescale, and (ii) why an increase of
CO2 concentration in a stochastic 0D-EBM leads to an increase of GMT,
but not the variance of the solution.

First, we consider a 0D-EBM for the global mean temperature T = T (t)
which given a positive initial condition T0, is an ODE of the form

C
dT

dt
= Q0β + q −A−B · (T − 273),

T (0) = T0.
(2.3)

In this model, the radiation emitted Re by the planet is assumed, according
to Budyko empirical radiation formula ([12]), of the form

Re(T ) = A+B · (T − 273) − q,

where A,B are positive constants that can be derived by a best-fit estimate
with real data observations; C > 0 denotes the heat capacity per square
meter, while Q0 and β are respectively the global mean radiation and co-
albedo. Lastly, the additive parameter q > 0 the effect of CO2 concentration
on the radiation balance ([72, 6, 24]). Denoting by T∗ the unique stable fixed
point of the model, i.e.

T∗ = Q0β −A+ q

B
+ 273,

the solution of Eq. (2.3) is given by

T (t) = T∗ + (T0 − T∗) e−t/τ0 ,

where τ0 = C/B is the relaxation time, i.e. the timescale at which a de-
viation from the equilibrium temperature is reabsorbed. Considering an
all-land planet, it is reasonable to consider the heat capacity as half the
heat capacity at constant pressure of the column of dry air over a square
meter, as pointed out in [72], leading to

C = 5 · 107 J K−1 m−2.

On the other hand, satellite data suggest ([72, 43])

B = 1.90 W m2 K−1.

This leads to a relaxation time of the other of one month, as

τ0 = C

B
= 2.63 · 107 s ≈ 30 days.
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It is worth pointing out that the hypothesis of an all-land planet is a huge
simplification of reality. Indeed, the Earth’s system has various components
capable of storing heat efficiently, each with its own unique capacity ([42]).
The value for C we have considered corresponds to the capacity of the at-
mospheric column. But, even considering a planet with a mixed-layer only
ocean, the heat capacity would be 60 times larger (see [72]) i.e. in the order
of a few years, remaining thus in the macro weather timescale.

Second, we force the model with a stochastic noise modelling the effect
of fast terms with respect to the slow radiation balance terms of Eq. (2.3).
Denote by (Wt)t≥0 a Brownian motion, and consider the SDE given by:

CdTt = (Q0β + q −A−BTt) dt+ σdWt,

T (0) = T0,
(2.4)

where σ > 0 is the noise intensity. Denoting by Ã = Q0β + q − A, the
solution can be explicitly written, using a variation of parameters technique
([5]) as

Tt = T0e
−t/τ0 + Ã

τ0

(
1 − e−t/τ0

)
+ σ

∫ t

0
e−(t−s)/τ0dWs.

The solution is a Gaussian process with a mean value

E [Tt] = T (0)e−t/τ0 + Ã
(
1 − e−t/τ0

)
, (2.5)

and variance

V ar(Tt) = V ar

(
σ

C

∫ t

0
e−(t−s)/τ0ds

)
= σ2

C2

∫ t

0
e−2(t−s)/τ0ds

= σ2

2BC
(
1 − e−2t/τ0

)
.

(2.6)

Further, the stochastic EBM in Eq. (2.4) has a unique Gaussian invariant
measure ν ∼ N(µν , σ

2
ν), whose mean µν and variance σ2

ν , can be obtained
taking the limit for the time that tends to infinity in Eq. (2.5) and Eq.
(2.6), leading to

µν = Ã = Q0β + q −A

B
, σ2

ν = σ2

2BC .

Thus, a change in the CO2 concentration leads to a change in the mean
value of the climate, i.e. the invariant measure, but not in its variability.
Usually, the variability increase results from a critical transition, such as a
saddle-node bifurcation, which arises in the model. This is the concept of
bifurcation-induced tipping point, which leads to the critical slowing down
behaviour of the system, resulting in an increase of variance and autocorre-
lation close to the bifurcation point ([23, 76, 4, 56]). However, the presence
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of a bifurcation point for the global scale climate is questionable, and the
presence of bistable regimes for climate components, sometimes called tip-
ping elements such for the Atlantic meridional overturning circulation or
polar ice sheets, is localised in space. For all these reasons, in Section 2.2.2,
we will describe a new one-dimensional model with a local in-space change
in the non-linear term that is able to explain the variance increase.

2.2.2 Model formulation

In this section, we propose a 1D-EBM with space-dependent radiation
balance with local bistability in the outgoing radiation term. The new term
does not lead to the addition of a new bifurcation in the model, even if results
in a non-linear change in the global mean temperature w.r.t. CO2 concen-
tration, in comparison with a linear increase in the case of the non-space
dependent emitted radiation case. However, by adding a noise component to
the model, we detect an increase of fluctuations over time for those values of
CO2 concentration in which the non-linear behaviour of GMT is triggered.
We connect the increase in fluctuations over time, that we denote time vari-
ance, to a local (in space) notion of relaxation time. The latter indicator in
a sense gives information about the local stability of a space point for, in
our case, a global stable temperature configuration.

The main characteristics of a 1D-EBM are that the temperature u =
u(x, t), depending on time t and space x = sin(ϕ), where ϕ ∈ [−π/2, π/2]
denotes latitude, are that it evolves according to the diffusion of heat, and
the planet energy balance ([12, 77, 40, 14]). Our model, which is an extension
of the one considered in [24], assumes that the temperature u satisfies the
non-linear parabolic partial differential equation

CT∂tu = ∂x (κ(x)ux) +Ra(x, u) −Re(x, u; q), x ∈ [−1, 1], t ≥ 0
u(x, 0) = u0(x), x ∈ [−1, 1],

ux(−1, t) = ux(1, t) = 0, t ≥ 0.
(2.7)

The heat capacity CT = 5 · 10−7 J K−1 m−2 is considered uniform over the
whole planet, which we assume is an all-land planet, as the one presented at
the beginning of Section 2.2. The PDE is a reaction-diffusion type ([82, 78]).
Classical results can be used to prove the global existence and uniqueness
of the solution, given a regular initial condition ([82]). Further, it can be
proved that [0,+∞) is an invariant region in the sense of [78], as pointed
out in [24]. In the following, we are going to describe the terms govern-
ing its time evolution, while the values of the constants appearing in the
parametrisations can be found in Table 2.1.

In scientific modelling, heat diffusion is often depicted assuming the
planet as a thin shell. This leads to a non-constant diffusion coefficient
of the form κ(x) = D ·(1−x2), with D > 0, where the term 1−x2 arises due



CHAPTER 2. A STOCHASTIC 1D-EBM FOR CLIMATE CHANGE 80

to the spherical setting ([72]). However, this choice introduces difficulties
for the mathematical treatment, resulting in degenerate problems ([35, 15]).
For instance, proving the existence of steady-state solutions requires the use
of weighted Sobolev spaces. To address this issue, we introduce a simplifying
perturbation that removes the singularity at the border ([24]). We consider
the diffusion function given by:

κ(x) = D · (1 − x2) + δ(x),

with D = 0.3 and δ ∈ C∞(−1, 1), δ(x) = 0 if |x| ≤ η, δ even and non-
decreasing in (0, 1). The radiation absorbed by the planet, denoted as Ra,
is the product of a spatially dependent solar radiation function Q0(x) = Q̂0 ·
(1 − x2), where Q̂0 > 0, and a temperature-dependent co-albedo β = β(u).
The co-albedo β(u) = 1 − α(u), where α is parametrised by a smooth, non-
increasing, bounded function ([6, 24])

α(u) = α1 + α2 − α1
2 · [1 + tanh (K · (u− uref ))] , (2.8)

with 0 < α1 < α2 < 1, α1 denotes ice albedo, α2 denotes water albedo,
uref = 275 K, and K is a parametrisation constant.

Third, we describe the modelling of the radiation emitted Re, which
is the main innovation of our model. Local bistability in the Outgoing
Longwave Radiation (OLR) may arise in tropical regions due to a positive
feedback loop involving surface temperature and moisture. This feedback,
above a threshold of sea level pressure and GHG concentration, causes the
atmosphere to become optically thick, thus reducing OLR ([27]).

To model this effect, we choose a space-dependent, latitude-symmetric
Outgoing Longwave Radiation (OLR) of the form:

Re(x, u; q) = q + |x|Rpl
e (u) + (1 − |x|)Req

e (u), (2.9)

where Rpl
e and Req

e denote respectively the OLR at the pole and the equator.
The convex combination between Rpl

e and Req
e Figure 6 shows the space-

dependent OLR Re, using different colours to represent distinct latitude
points. We define them as:

Rpl
e (u) = εpl

0 σ0u|u|3, (2.10)

where ε0 is the emissivity constant, σ0 is the Stefan-Boltzmann constant.
On the other hand, at the poles, we reproduce the super-greenhouse effect
by considering:

Req
e (u) = Rpl

e (u)g(u) + (1 − g(u))εeq
0 σ0u|u|3, (2.11)

where g is a smooth transition function of the form

g(u) = 1

1 + e
(

u−uSGE
ref

)
KSGE

,
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where uSGE
ref = 303.2 K and KSGE = 0.36 are respectively a reference

temperature and a constant in the transition velocity involved in the SGE
parametrisation. Further, εeq

0 < εpl
0 is an emissivity constant at the equator

taking into account the OLR reduction due to the SGE. Note that the OLR
at the poles and at the equator in Eq. (2.10)-(2.11) has been defined, just
for mathematical convenience, in the physical meaningless range of negative
Kelvin temperature.

Lastly, the additive positive parameter q models the effect of CO2 con-
centration on the energy budget ([66, 6]). A higher q leads to lower radiation
emitted back to space from the surface. We emphasise the reason behind
considering a constant value for the CO2 parameter q. Greenhouse gas con-
centration can be regarded as constant at a macroweather, i.e., monthly,
timescale, by avoiding seasonality insertion since it evolves on a much larger
timescale. For instance, the CO2 concentration has increased by around 47%
from 1850 to 2020, moving from 284 parts per million (ppm) to 412 ppm
([73]). In a first approximation, we assume that the spatial distribution of
greenhouse gases is uniform over the globe. This assumption, although no
longer the state of the art, was widespread at the turn of the century and
is based on the well-mixing property of GHG. This means that since most
GHGs, such as CO2, have a large lifetime, many studies have been conducted
using global average values for the spatial distribution ([65, 66, 45]).

Symbol Meaning Value
D Diffusivity constant 0.45
Q̂0 Mean solar radiation 341.3 W m−2

εpl
0 Emissivity at the poles 0.61
εeq

0 Emissivity at the equator 0.478
σ0 Boltzmann’s constant 5.67 · 10−8W m−2 K−1

α1 Ice albedo 0.7
α2 Water albedo 0.289
K Constant rate - albedo parametrisation 0.1

KSGE Constant rate - SGE parametrisation 0.1
uref Reference temperature - albedo parametrisation 273 K
uSGE

ref Reference temperature - SGE parametrisation 303.2 K
CT Heat capacity 5 · 107 J m−2K−1

Table 2.1: Parameters and constants appearing in the 1D-EBM (2.7).

2.2.3 Deterministic properties of the model

In this section, we describe the deterministic properties of our model, as
the number of steady-state solutions and their stability. The new feature of
our model is the rise of a strong non-linear increase of GMT with respect
to the greenhouse parameter q, in the proximity of the model configuration
describing the actual climate of the Earth.
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In general, in dynamical system theory, huge information is given by
the study of the steady-state solutions of the model, which are, in a sense,
the long-time behaviour solutions. More specifically, in our model these
solutions consist of the non-negative solutions u = u(x) of the following
elliptic PDE:

0 =
(
κ(x)u′)′ +Ra(x, u) −Re(x, u; q),

0 = u′(−1) = u′(1).
(2.12)

A common way to prove the existence of at least one stable steady-state
solution involves a variational approach by studying the minimization prob-
lem

inf
{
Fq(u) | u ∈ H1,2(−1, 1), u ≥ 0

}
, (2.13)

where:
Fq(u) =

∫ 1

−1
R(x, u(x)) dx+ 1

2

∫ 1

−1
κ(x)

[
u′(x)

]2
dx, (2.14)

with ∂uR = Re −Ra and H1,2(−1, 1) denoting the Sobolev space of order 1
and exponent 2 ([67, 71, 68, 11]). Applying the results from [24, Theorem 1
and Theorem 3], it is possible to gain information about the existence and
uniqueness of a steady-state solution.

Proposition 42. (i) There exists an unique minimiser û ∈ C∞([−1, 1])
of the variational problem (2.13). Further, û solves the elliptic problem
(2.12) and it is stable for the dynamics of the 1D-EBM (2.7).

(ii) The map q 7→ 1
2
∫ 1

−1 û(x)ds is non-decreasing.

Note how the second part of the previous result gives qualitative informa-
tion on the behaviour of the GMT. Furthermore, if the diffusion coefficient
is sufficiently large and the 0D-EBM, obtained by removing the diffusion
term and averaging in space the radiation balance, is bistable, it can be
rigorously proven the existence of a second stable steady-state solution and
a third unstable one ([24]).

Given the non-linear nature of the problem, a rigorous demonstration of
all properties of the model is not always possible. In this case, the problem
can be overcome by using numerical simulations. In particular, for each
fixed q, we numerically simulated the solutions of Eq. (2.12). As q varies,
we obtained, according to the large literature on this kind of model, that
there can be either 1 or 3 stationary solutions. In the former case, the
solution is stable. In the latter case, two solutions are stable, one describing
a "snowball" configuration uS for Earth’s temperature with ice all over its
surface. The other describes a warm climate uW , similar to the one in which
we are living. Additionally, an unstable solution uM , whose average global
mean temperature (GMT) lies between the GMT of uS and uS also arises.
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See Figure 2.1a for a graphical representation of the steady-state solutions
in the bistable case.

In general, proving theoretically the results for such kinds of models is
non-trivial due to the presence of non-linear terms in the energy budget
parametrisation. The bifurcation diagram of the model in the (q, ū∗) plane,
where u∗ denotes a solution of the elliptic PDE, and ū∗ = 1

2
∫ 1

−1 u∗(x) dx
is its GMT, is depicted in Figure 2.1b. We highlight how the addition of
a space-dependent OLR with tropics bistability does not introduce a new
bifurcation. Thus, no new steady-state solutions are added or the stability
of the already existing ones is altered. However, as highlighted in Figure
2.1c, a strong non-linear behaviour of the GMT for the warm solution uW

appears for the value of q in the neighbourhood of q ≈ 11.3, a thing that
does not happen if we remove the bistability in Re ([24]). We aim to focus on
that phenomenon, when a noise component, describing the weather effect,
is added to the model. This is the main topic of Sections 2.2.4-2.2.5.

2.2.4 Stochastic properties of the model

As discussed in the previous paragraphs, the EBM presented in this work
corresponds to a macroweather timescale. However, as far as it has been
introduced, it lacks in taking into account the effect of fast components of
Earth’s system, such as atmospheric pressure, wind, and precipitation. In
literature, this has been achieved elementary by adding a stochastic term,
such as white noise, to the radiation budget ([44, 49, 32, 31]). Note that this
addition is necessary to describe the increase in the frequency of rare events.
In fact, while a deterministic EBM is useful for obtaining information on
global mean temperature, it is not able to investigate fluctuations around it
due to all phenomena, such as weather, not included in the radiation balance
of the model.

We consider H = L2(−1, 1) and the stochastic EBM given by:

dut = [Aut +R(x, ut)] dt+ σdWt,

u|t=0 = u0
(2.15)

where (Wt)t denotes a cylindrical Wiener process on H, u0 ∈ H is a non-
negative initial condition and A : D(A) → L2(−1, 1) is the operator

D(A) =
{
u ∈ H2(−1, 1) | u′(−1) = u′(1) = 0

}
Au =

(
κ(x)u′)′ . (2.16)

We would like to apply the invariant measure theory for gradient systems to
deduce the existence, and uniqueness of an invariant measure and its explicit
formula. This can not be applied to the operator A since it is invertible on
L2(−1, 1). For this reason, we consider the operator

Ã = λId−A, (2.17)
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Figure 2.1: (a) Steady-state solutions for the 1D-EBM (2.7) for q = 11.3.
Solid lines denote stable solutions, dotted lines denote unstable solutions.
The snowball solution uS is plotted in blue, the middle solution uM in
red, and the warm solution uW in yellow. (b) Bifurcation diagram in the
(q, ū∗) plan for the 1D-EBM (2.7), where u∗ denotes a steady-state solutions
and ū∗ = 1

2
∫ 1

−1 u∗(x)dx is its global mean temperature (GMT). The S-
shaped bifurcation diagram is characterised by the two classical saddle-node
bifurcations around q ≈ 7 and q ≈ 38, and a non-linear (with respect to
q) increase in GMT around q ≈ 22. (c) Zoom of the bifurcation diagram
around q ≈ 11.3 and uW .

where λ > 0 is a positive constant. By exploiting the Sturm-Liouville theory,
it can be proved that −Ã is a self-adjoint, negative definite operator, with
eigenvalue 0 < λ1 < λ2 < · · · , such that the trace of Tr

[(
−Ã

)β−1
]
< +∞,

for some β ∈ (0, 1). See Appendix 2.3.2 for a sketch of the proof of these
facts. In this way, it is possible to deduce the following result ([21, 22, 24]).
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Proposition 43. Let E = C([−1, 1]). Then, there exists an unique P-a.s.
E-valued mild solution of the SPDE (2.15). Further, there exists an unique
Gibbs invariant measure ν̃, and ν̃ ≪ µ̃ with explicit formula

ν̃(du) = 1
Z

exp
(

− 2
σ2 Ĩ(u)

)
µ̃(du), (2.18)

where µ̃ ∼ N
(
0,−σ2

2 Ã
−1
)

and

Ĩq(u) =
∫ 1

−1
R(x, u(x))dx− λ

2 ∥u∥2
2.

We remark that the invariant measure ν̃ is the object, in our context
of stochastic EBM, that in Section 2.1.5 has been taken as the definition
of climate. Then, it is worth pointing out the link between the invariant
measure ν̃ and the functional Fq building up the variational problem (2.13).
Indeed, at least formally, we can write the Gaussian measure µ̃ as

µ̃(du) = 1
Z1

exp
(

−1
2⟨Q−1u, u⟩

)
”du”,

where Z1 is a normalization constant, Q = −σ2

2 Ã
−1 is the covariance opera-

tor of µ̃, ⟨·, ·⟩ denotes the scalar product on H = L2(−1, 1) and ”du” is the
formal notation for the Lebesgue measure on H. By an integration of parts,
we deduce

−1
2⟨Q−1u, u⟩ = − 2

σ2

(
λ

2 ∥u∥2
2 − 1

2⟨κ(x)u′, u′⟩
)
.

Hence, substituting back the formal expression for µ̃ in Eq. (2.18), we
conclude

ν̃(du) ∝ exp
(

− 2
σ2Fq(u)

)
”du”.

From this expression, we can deduce two important facts. First, the invari-
ant measure of the stochastic EBM is concentrated on the global minimum
points of the functional Fq. Second, the study of ν̃ and its spread depending
on q is as difficult as understanding how the functional Fq changes. For this
reason, in Section 2.2.5, we will use numerical simulation to investigate how
ν̃ changes, depending on the adiabatic parameter q, as the CO2 lies in the
critical interval in Figure 2.1c.

2.2.5 Variance and extreme weather events increase

It is widely acknowledged that greenhouse gas emissions from human ac-
tivities have led to more frequent and intense weather and climate extremes
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since the pre-industrial era, particularly temperature extremes ([73]). De-
spite numerous definitions proposed to assess what constitutes an extreme
event, there is currently no universally accepted definition ([79]). One com-
monly used definition considers an extreme weather event as one that ex-
ceeds a predefined threshold for a climate variable.

As it is well understood that such occurrences become more likely as the
variance of that climate variable increases, we consider the time variance as
a proxy indicator of extreme weather events for our EBM setting. As ex-
plained in Section 2.2.4, an explicit formula for the invariant measure of the
stochastic EBM (2.4) exists. However, due to the presence of a non-linear
term inside the Gibbs factor in Eq. (2.18), obtaining theoretical informa-
tion is challenging. Thus, we rely on numerical simulations to capture the
behaviour of the variance.

Specifically, given a fixed value of q > 0 and the warm steady-state
solution uW = u

(q)
W , we numerically integrate the stochastic PDE:

CT∂tu = ∂x (κ(x)ux) +Ra(x, u) −Re(x, u; q)
+ σdWt, (x, t) ∈ [−1, 1] × [0, T ],

u(x, 0) = uW (x), x ∈ [−1, 1],
ux(−1, t) = ux(1, t) = 0, t ∈ [0, T ].

(2.19)

The simulation runs for T = 500 years to capture the properties of the
invariant measure around the warm climate uW , and we chose a noise inten-
sity σ = 0.2. The finite difference method applied to simulate the equation
is detailed in Appendix 2.3.1. Here, we describe what we mean by variance,
its properties detected by numerical experiments, and our observations.

Given a space point x ∈ [−1, 1] and a realization ω 7→ u(ω) of the
solution of the Eq. (2.19), we consider the variance of the process t 7→
ut(x, ω) = u(x, t). We denote the numerical approximation of the solution by
U = (uij)ij , where uij = u(xi, tj), and (xi)i=1,...,n and (tj)j=1,...,m represent
the spatial and temporal meshes, respectively, over the domain [−1, 1] and
[0, T ]. The time-variance is calculated as

σ2
t (xi) = 1

m

m∑
j=1

(uij − ūi)2 ,

where ūi = 1
m

∑m
j=1 uij . Figure 8a illustrates the time-variance indicator,

with different colours representing different values of the parameter q.
We observe two distinct behaviours of the variance. First, depending on

q, there is an increase in σ2
t , peaking at q = 11.3069, followed by a decrease.

This peak corresponds to the q value that results in the largest increase in
GMT, as shown in Figure 2.1c. Second, as expected, for a given value of q,
the spatial profile of σ2

t is symmetric with respect to x = 0. Additionally,
three local maximum points emerge one at x = 0 and the others at |x| ≈ 0.8.
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Our interpretation is that σ2
t identifies the highest fluctuating regions as

those where the freezing water temperature is crossed (sub-arctic regions,
|x| = 0.8), or where the SGE triggers bistability (tropical areas, x = 0).

To support this interpretation, it is useful to introduce the local stability
indicator

γ(x) = ∂uR(x, uW (x)),

where R(x, u) = Ra(x, u) −Re(x, u; q). If the model were a simple Ordinary
Differential Equation (ODE) without the coupling diffusion term, γ(x) would
be, up to a positive constant depending on CT , the eigenvalue obtained by
linearizing the reaction term around the stable steady-state temperature
uW (x). Positive values of γ(x) indicate local instability, while negative val-
ues indicate stability if the diffusion term is removed. Figure 8b presents
the local stability indicator γ, with colours denoting different values of the
parameter q. Notably, there is a clear relationship between time-variance
and the local stability indicator: regions with high time-variance σ2

t coincide
with areas of positive γ. This explains the spatial profile of σ2

t for a fixed
value of q.

The reason for γ(x) > 0 at some points is due to the presence of the
diffusion term. If κ ≡ 0, then uW is not a minimiser of Fq, but instead
solves the problem

uW (x) = arg min
u≥0

R(x, u), (2.20)

where ∂uR = Re − Ra. Here, ∂uR|(x,uW (x)) = 0, and since uW (x) is a
minimum point, it follows ∂2

uR|(x,uW (x)) = ∂uR|(x,uW (x)) ≤ 0. But with
κ(x) > 0, uW (x) no longer satisfies Eq. (2.20), but instead is a minimiser of
Fq, where the diffusion term appears in the second term on the right-hand
side of Eq. (2.14). This term, which intuitively minimises the temperature
gradient, allows for some points to fluctuate around a mean value that would
be unstable if κ ≡ 0.

To understand why, given x ∈ [−1, 1], the map q 7→ σ2
t (x) = σ

2,(q)
t (x)

increases until around q = 11.3069 and then decreases, we offer the following
explanation. As q increases, the temperature uW (x) of the warm climate
increases, as can be checked by numerical simulations and partially under-
standable from Proposition 42. This leads the temperature, especially in
the tropical area, to approach the region where instability due to the SGE
arises. Once the tropical temperature surpasses this region, the instability,
and thus the variance, decreases. We support our statements as follows.

(i) Figure 2.2 shows how the steady-state solution u(q)
W approaches unsta-

ble areas, defined by points (x, u) where ∂uR(x, u) > 0. For q1 = 11.21,
q2 = 11.28, and q3 = 11.4, the map (x, u) 7→ ∂uR(x, uW (x)) is pre-
sented, with the curve x 7→ (x, uW (x), ∂uR(x, uW (x)) depicted in red.
When the time variance peaks (i.e., q = q2), the steady-state solution
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values around the equator are close to the local maximum of ∂uR, ap-
proximately close to (xM , uM ) = (0, 305). For q = q1 and q = q3, the
equatorial steady-state value is smaller and larger than uM , respec-
tively.

(ii) We consider the local mean stability indicator

γ̄(q) =
∫ 1

−1
γ(x)dx =

∫ 1

−1
∂uR(x, u(q)

W (x))dx.

Its plot is shown in Figure 2.3a. Although providing only average
information, it exhibits behaviour qualitatively similar to that of σ2

t

for each fixed value of x, peaking at q = 11.3069.

(a) q = 11.21 (b) q = 11.29

(c) q = 11.4

Figure 2.2: Plot of the map (x, u) 7→ ∂uR(x, u) and the curve x 7→
(x, uW (x), ∂uR(x, u(q)

W (x)) in red, for different values of q.

Finally, we show the distribution of the solution u(x, t) of the stochastic
1D-EBM (2.4) for the fixed space point x = 0.6 (similar results are observed
for different space points). Figure 2.3b shows the distribution as a histogram,
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Figure 2.3: (a) Average local stability indicator γ̄(q) =∫ 1
−1 ∂uR(x, u(q)

W (x))dx. It increases, peaks at q = 11.3069, and then
decreases. (b) Histogram of the distribution of the solution of t 7→ u(x̄, t)
for the stochastic EBM (2.19) for q = 11.19 (blue) and q = 11.29 (red), at
x̄ = 0.6.

comparing two distinct values of q. Blue depicts the results for q = 11.2,
while red shows q = 11.3. From the plot, we deduce that our model captures
the shift in the mean value and the increase in variance, correlating with
the IPCC schematic climate change reproduction in Figure 4 and weather
observations in Modena in Figure 5a.

2.3 Supplement information

2.3.1 Numerical methods

In this section, we describe the numerical method adopted to approxi-
mate the solutions of the stochastic PDE (2.19). We used an implicit Euler-
Maruyama method, which is a small modification of the semi-implicit Euler-
Maruyama method presented in [60, Section 10.5].

First, it is worth recalling that the numerical experiments presented in
Section 2.2.5 are all performed for a fixed value of q, and using uW = u

(q)
W

as initial condition of the parabolic stochastic problem (2.19). The constant
q value is chosen from a mesh of the form

qk = 11.15 + k

∆q , ∆q = 11.55 − 11.15
29 ≈ 1.21 · 10−2, k = 0, ..., 29.

The steady-state solution uW solves the elliptic problem (2.12). To nu-
merically approximate it, we have applied the same finite difference scheme
described in [24, Appendix A].
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Second, we move to describe the numerical method for the parabolic
problem. We denote by R(x, u; q) = Ra(x, u) − Re(x, u; q) the non-linear
radiation budget, and the underline notation to denote a vector (e.g. y ∈
R4). We consider two uniform meshes for the spatial domain [−1, 1] and the
time domain [0, T ], i.e.

xi = −1 + i∆x, i = 0, ..., n, ∆x = 2
n
,

and
tj = j∆t, j = 0, ...,m, ∆t = T

m
= 500

m
.

The number of points in the space and time mesh, respectively n + 1 and
m+ 1, are chosen in a way that ∆x = ∆x = 0.01. Then, the solution to the
problem can be approximated by considering the system

CT
ui,j+1 − ui,j

∆t

=
ui−1,j+1κi− 1

2
− ui,j+1(κi− 1

2
+ κi+ 1

2
) + ui+1,j+1κi+ 1

2

∆x2

+R(xi, ui,j+1) +

√
∆t
∆xσzi,j 0 ≤ i ≤ n, 0 ≤ j ≤ m− 1,

0 = un+1,j − un−1,j

2∆x = u1,j − u−1,j

2∆x j = 1, ...,m,

ui,0 = uW (xi), i = 0, ..., n,

where u−1,j , un+1,j are ghost points, (zi,j)i,j is a collection of independent
identically distributed (i.i.d.) normal random variables, and ui,j = u(xi, tj), κi± 1

2
=

κ(xi± 1
2
), xi± 1

2
= xi ±∆x/2. Since u1,j = u−1,j and un+1,j = un−1,j , the pre-

vious system of equation can be rewritten as

(In+1 − rA)uj+1 = In+1u
j + ∆T

CT
R(uj+1) +

√
∆t
∆xσZ

j ,

where In+1 denotes the (n+1)×(n+1) identity matrix , uj = (u0,j , · · · , un,j)T ,
r = ∆t

CT ∆x2 , R(y) = (R(x0, y1), · · · , R(xn, yn+1))T ,
(
Zj
)

j
denotes a set of

i.i.d. N(0, In+1) normal random vectors, and A ∈ R(n+1)×(n+1) is the tridi-
agonal matrix with diagonal d ∈ Rn+1, superdiagonal d1 ∈ Rn, and subdi-
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agonal d−1 ∈ Rn given by

d(i) =


−(κ−1/2 + κ1/2), i = 1,
−(κi−3/2 + κi−1/2), i = 2, ..., n,
−(κn−1/2 + κn+1/2), i = n+ 1,

d1(i) =
{

κ−1/2 + κ1/2 , i = 1,
κi−1/2, i = 2, ..., n,

d−1(i) =
{

κi−1/2 + κ1/2 , i = 1, ..., n,
−(κn−1/2 + κn+1/2), i = n.

Thus, given the numerical approximation uj at time tj , to advance the
scheme at time tj+1 it is needed to solve the previous non-linear system
of algebraic equations. To do this, we apply the Newton-Raphson Method
(NRM), which we recall in the following. We consider the map F j : Rn+1 →
Rn+1 defined as

F j(y) = (In+1 − rA) y − uj − ∆T
CT

R(y) −

√
∆t
∆xσZ

j .

To approximate the vector y ∈ Rn+1 such that F j(y) = 0, the NRM consider
the following sequence{

yk+1 = yk − JF j (yk)−1F j(yk),
y0 = uj ,

where JF j ∈ R(n+1)×(n+1) is the Jacobian matrix of F j with respect to y.

Since the noise intensity σ = 0.2 is small, we expect that the choice y0 = uj

is a good initial guess of the solution. The iteration of the NRM are stopped
when

∥∥∥F j(yk
∥∥∥ ≤ 10−10.

2.3.2 Spectral properties of the operator Ã

To apply the invariant measure theory, the operator Ã = λId−A defined
in Section 2.2.4 should satisfy the following assumptions (see [21, Section
11]):

(i) Ã is self-adjoint and there exists ω > 0 such that

⟨Ãx, x⟩ ≤ −ω|x|2, x ∈ D(A).

(ii) There exists β ∈ (0, 1) such that Tr
[
(−Ã)β−1

]
< +∞.
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We denote by (λn)n the eigenvalues of −A, where

D(A) =
{
u ∈ H2(−1, 1) | u′(−1) = u′(1) = 0

}
Au =

(
κ(x)u′)′ . (2.21)

Since A is a Sturm-Liouville regular operator, classical results assure the
existence of the real eigenvalues λn, and furthermore, it can be proved

λ1 < λ2 < · · · · · · < λn < · · · → +∞.

First, to check hypothesis (i) it is thus sufficient to prove that

λn ≥ 0, ∀n.

Indeed, by definition of eigenvalue, there exists an eigenfunction vn ∈ D(A)
such that

Avn = −λnvn.

Multiplying the previous identity by vn and integrating over the domain
[−1, 1], we get ∫ 1

−1

[
κ(x)v′

n(x)
]′
vn(x)dx = −λn

∫ 1

−1
vn(x)2dx.

Performing an integration by parts on the left-hand side, we deduce

−
∫ 1

−1
κ(x)

(
v′

n(x)
)2
dx = −λn

∫ 1

−1
vn(x)2dx.

In conclusion,

λn =
∫ 1

−1 κ(x) (v′
n(x))2 dx∫ 1

−1 vn(x)2dx
,

and our claim follows from the fact that κ(x) > 0 on [−1, 1].
Second, the hypothesis (ii) is a consequence of the following asymptotic

estimate for regular Sturm-Liouville problems ([37, Section 4]): there exist
B > 0 and n0 > 0 such that

(
n− 1

2

)
π

B

2

< λn <


(
n+ 1

2

)
π

B

2

, ∀n ≥ n0.



Chapter 3

Energy balance models from
Hasselmann’s perspective

The following chapter, which is based on an ongoing research, contains
the proofs of the results presented in Section 0.4, whose main aim is to derive
using a Wong-Zakai approach a closed equation for the fast-slow system (19).
The resulting closed equation for macroweather is what we call Hasselmann’s
equation, since correspond to the equation, in our EBM setting, claimed by
Hasselmann in [44].

The first result, that we restate, we need to prove is the one that give
use the possibility to obtain a closed equation for Yt from (19). Indeed, it
state a limiting result for the fast process (Xt)t, solution of (19), when the
scaling parameter τ goes to 0.
Lemma 5. For each t > 0, it holds

lim
τ→0

E
∣∣∣∣∣ 1√
τ

∫ t

0
Xsds− Qt√

τ
−Wt

∣∣∣∣∣
2

= 0.

Proof. For the ease of notation, we will denote the fast process as (Xt)t,
dropping its dependence on τ . It can be written explicitly as

Xt = xe−t/τ + 1
τ

∫ t

0
Qe−(t−s)/τds+ 1√

τ

∫ t

0
e−(t−s)/τdWs

= xe−t/τ +Q
(
1 − e−t/τ

)
+ 1√

τ

∫ t

0
e−(t−s)/τdWs

=
(
x−Q

)
e−t/τ +Q+ 1√

τ

∫ t

0
e−(t−s)/τdWs.

Thus, integrating in time, we get∫ t

0
Xsds =

∫ t

0

[(
x−Q

)
e−s/τ +Q+ 1√

τ

∫ s

0
e−(s−r)/τdWr

]
ds

= τ
(
1 − e−t/τ

) (
x−Q

)
+ tQ+ 1√

τ

∫ t

0

∫ s

0
e−(s−r)/τdWrds.

93
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The last term on the RHS can be computed applying Fubini-Tonelli for
stochastic integrals

1√
τ

∫ t

0

∫ s

0
e−(s−r)/τdWrds = 1√

τ

∫ t

0

∫ t

r
e−(s−r)/τdsdWr

=
√
τ

∫ t

0

(
1 − e−(t−r)/τ

)
dWr

=
√
τ

(
Wt −

∫ t

0
e−(t−r)/τdWr

)
.

From the previous computations, we deduce

E
∣∣∣∣∣ 1√
τ

∫ t

0
Xsds− Qt√

τ
−Wt

∣∣∣∣∣
2

= E
∣∣∣∣√τ (1 − e−t/τ

) (
x−Q

)
−
∫ t

0
e−(t−r)/τdWr

∣∣∣∣2
≤ 2τ

(
1 − e−t/τ

)2 (
x−Q

)2
+ 2E

∣∣∣∣∫ t

0
e−(t−r)/τdWr

∣∣∣∣2
= 2τ

(
1 − e−t/τ

)2 (
x−Q

)2
+ 2

∫ t

0

∫ t

0
e−2(t−r)/τdr

= 2τ
(
1 − e−t/τ

)2 (
x−Q

)2
+ 2τ

(
1 − e−2t/τ

)
.

where the first inequality follows from the Jensen’s inequality, and the fol-
lowing inequality by Ito-isometry. Taking the limits in τ , we conclude the
proof.

Theorem 10 (Averaging Principle). Let T > 0 and denote by µ(dx) the
invariant measure for the fast equation in (19). Let (Y (t))t be the solution
of the ODE

Ẏ (t) = g(Y ), (30)

where
g(y) :=

∫
g(x, y)µ(dx).

Consider (Y τ
t )t solution of the fast-slow system (19). Then, for any δ > 0,

it holds
P
(

sup
0≤t≤T

∣∣∣Y τ
t − Y (t)

∣∣∣ > δ

)
τ→0−−−→ 0.

Similarly, if (Ỹt)t is the solution of Hasselmann’s equation (24), for any
δ > 0 it holds

P
(

sup
0≤t≤T

∣∣∣Ỹt − Y (t)
∣∣∣ > δ

)
τ→0−−−→ 0.

Proof. We only prove that the averaged drift g takes the form

g(y) = Qβ(y) + q − ε0σ0y
4.
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In other words, we prove that the averaged equation for the fast-slow system
(19) and the Hasselmann’s equation (24) are the same. Then, the uniform
convergence in probability by the thesis is a consequence of the classical
averaging principle (see [36, Chapter 7] ).

To find the invariant measure µ(dx) for the fast component in (19), we
consider the solution Xt0 of the fast equation starting at time t0 with initial
condition Xt0 , i.e., the solution of

dXt0 = −1
τ

(
Xt0 −Q

)
dt+ 1√

τ
dWt, Xt0(t0) = Xt0 .

For t0 = 0, the solution of this SDE takes the form

Xt0(t) =
(
Xt0 −Q

)
e−(t−t0)/τ +Q+ 1√

τ

∫ t

t0
e−(t−s)/τdWs.

Taking t0 → −∞, we obtain the stationary solution of the fast equation:

X−∞(t) = Q+ 1√
τ

∫ t

−∞
e−(t−s)/τdWs.

The distribution of X−∞(t) represents the invariant measure µ, which is
Gaussian with mean Q and variance

Var(X−∞(t)) = E
∣∣∣∣ 1√
τ

∫ t

−∞
e−(t−s)/τdWs

∣∣∣∣2
= 1
τ

∫ t

−∞
e−2(t−s)/τds

= 1
τ

[
τ

2 · e−2(t−s)/τ
]t

−∞

= 1
2 .

(3.1)

Thus, we obtain

g(y) =
∫ (

xβ(y) + q − ε0σ0y
4
)
µ(dx)

= β(y)
∫
xµ(dx) +

(
q − ε0σ0y

4
) ∫

1µ(dx)

= β(y)Q+ q − ε0σ0y
4.

In conclusion, applying the averaging principle to our model (19) yields the
deterministic 0D-EBM

Ẏ = g(Y (t)). (3.2)

Then, we move to provide the ideas of the proofs for the results regarding
the fluctuations of Ỹt and Y τ

t .
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Proposition 11. Consider the Gaussian fluctuations for the stochastic Has-
selmann’s EBM (24)

Zτ
t := Ỹ τ

t − Y 0
t√

τ
= Ỹ τ

t − Y (t)√
τ

.

Then, denoting by d−→ the convergence in distribution, it holds

(Zτ
t )t∈[0,T ]

d−−−→
τ→0

(Zt)t∈[0,T ]

where (Zt)t∈[0,T ] solves the SDE

dZt = g′(Ỹ 0
t )Ztdt+ β(Ỹ 0

t )dWt

= g′(Y (t))Ztdt+ β(Y (t))dWt.
(31)

Proof. The equation satisfied by Ỹ τ
t , for τ ≥ 0, is

dY τ
t = g(Ỹ τ

t )dt+
√
τβ(Ỹ τ

t )◦dWt =
(
g(Ỹ τ

t ) + τ

2β(Ỹ τ
t )β′(Ỹ τ

t )
)

+
√
τβ(Ỹ τ

t )dWt.

Performing a Taylor expansion of the terms g, β, we have

g(Ỹ τ
t ) = g(Ỹ 0

t ) +
√
τg′(Ỹ 0

t )Zτ
t +O(τ),

β(Ỹ τ
t ) = β(Ỹ 0

t ) +
√
τβ′(Ỹ 0

t )Zτ
t +O(τ).

We compute now the differential of the Gaussian fluctuations

dZτ
t = 1√

τ

(
dỸ τ

t − dỸ 0
t

)
=
(
g′(Ỹ 0

t )Zτ
t +

√
τ

2 β(Ỹ τ
t )β′(Ỹ τ

t ) +O(
√
τ)
)
dt

+
(
β(Ỹ 0

t ) +
√
τβ′(Ỹ 0

t )Zτ
t +O(τ)

)
dWt

Performing the limit τ → 0 in the previous equation and ignoring the higher
order terms in τ , we get the SDE (11).

Proposition 12. Let (Xτ
t , Y

τ
t )t∈[0,T ] be the solution of the fast-slow system

(19). Consider the fluctuations processes

ζτ
t := Y τ

t − Y (t)√
τ

, ητ
t = Xτ

t −Q√
τ

.

Then, as τ → 0, we have

ζτ
t

P−−−→
τ→0

ζt, ∀t ∈ [0, T ],

where (ζt)t is the solution of

dζt = g′(T (t))ζtdt+ β(T (t))dWt,

and P−→ denotes convergence in probability.
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Proof. The fast fluctuations process (ητ
t )t satisfies

dητ
t = −1

τ
ητ

t dt+ 1
τ
dWt.

Applying the Wong-Zakai principle from Theorem 8, we get that

ητ
t

P−−−→
τ→0

W̃t, ∀t > 0,

where (W̃t)t is a Brownian motion, for which from now on we will denote
again (Wt)t. We introduce the notation g(x, y) = xβ(y) − α(y), where g is
the drift of the slow equation in (19). Then, the fluctuations of the slow
process satisfy

dζτ
t = 1√

τ

(
dY τ

t − Ẏ (t)
)

= − 1√
τ

(
α(Y τ

t ) − α(T (t)
)

+ 1√
τ

(
Xτ

t −Q
)
β(Y τ

t ) + 1√
τ
Q
(
β(Yt) − β(Y (t)

)
= −α′(Y (t))ζτ

t + β(Y τ
t )ητ

t +Qβ′(Y (t))ζτ
t +O(

√
τ).

Thus, using the convergences Y τ
t → Y (t) and ητ

t → Wt, we get the limiting
stochastic equation for τ → 0 given by

dζt =
(
−α′(Y (t)) +Qβ(Y (t))

)
ζt + β(Y (t))dWt

= g′(Y (t))ζtdt+ β(Y (t))dWt.

In principle, in the previous equation we should have a Stratonovich integral,
i.e.

dζt = g′(Y (t))ζtdt+ β(Y (t)) ◦ dWt.

But in the case in which the integrand is deterministic, the Ito integral
coincides with the Stratonovich integral. This is the thesis.

Lastly, we give the details on how to derive the rate function I(y(·)) for
the LDP for Hasselmann’s equation and our fast-slow model.
Proposition 13. The solution (Ỹt)t of the Hasselman stochastic EBM

dỸt = g(Ỹt)dt+
√
τβ(Ỹt) ◦ dWt

satisfies a large deviation principle with rate function

I(y(·)) = 1
2

∫ T

0

∣∣∣∣ 1
β(y(t)) [ẏ(t) − g(y(t))]

∣∣∣∣2dt. (32)

Proof. The proof follows by considering the SDE in Ito form

dỸt =
(
g(Ỹt) + τ

2β(Yt)β′(Ỹt)
)
dt+

√
τβ(Ỹt)dWt,

and neglecting the term higher order term τ
2β(Ỹt)β′(Ỹt). Then, it is a

straightforward application of known results, see [26, Theorem 5.6.7].



CHAPTER 3. EBMS FROM HASSELMANN’S PERSPECTIVE 98

We know move to derive a large deviation principle for our fast-slow
system. Let X be a metric space, and define

Cb(X) = {f : X → R : f is continuous and bounded} .

Let {Zϵ}ϵ be a family of X-valued random variables with corresponding
laws {µϵ}ϵ. In what follows, we recall a generalization of the Gärtner-Ellis
Theorem for exponentially tight measures1 (for a detailed discussion, see
[26, Theorem 4.4.2]).

Theorem 44. Suppose the family {µϵ}ϵ is exponentially tight, and that for
every f ∈ Cb(X), the following limit defining Λf exists:

Λf := lim
ϵ→0

ϵ log
∫

X
ef(x)/ϵµϵ(dx) = lim

ϵ→0
ϵ logE

[
ef(Zϵ)/ϵ

]
.

Then, the family {µϵ}ϵ satisfies the LDP with a good rate function given by

I(x) = sup
f∈Cb(X)

(f(x) − Λf ) .

Keep in mind that we are not using the exact version of this result or
focusing on the specific hypothesis, but we will apply its main idea to get
the LDP for our fast-slow model, whose proof is adapted from [10].

Proposition 14. The slow component Yt in the fast-slow system (19) sat-
isfies a large deviation principle with the same rate function defined in (32).

Proof. In this proof, we will focus only on the key steps and main arguments.
The detailed computations that link these stages are provided in auxiliary
lemmas.

Given two initial conditions x, y, our fast-slow system has the form dXx
t = 1

τ
f(Xx

t )dt+ 1√
τ
dWt, Xx

0 = x,

dY x,y
t = g(Xx

t , Y
x,y

t )dt, Y x,y
0 = y,

with f(x) = −(x− Q̄), g(x, y) = xβ(y) + q− ε0σ0y
4. Further, we denote by

µ(dx) ∼ N(Q̄, 1
2) the invariant measure for the fast process. Setting

u(t, x, y) := E [ϕ(Xx
t , Y

x,y
t )] ,

1A family of probability measures {µϵ}ϵ is exponentially tight if, for every α < ∞, there
exists a compact set Kα ⊂ X such that

lim sup
ϵ→0

ϵ log µϵ(Kc
α) < −α.
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we have that u satisfies the forward Kolmogorov equation ∂tu = g(x, y)∂yu+ 1
τ
f(x)∂xu+ 1

2τ∆xu,

u(0, x, y) = ϕ(x, y),
(3.3)

In particular, we choose the test function ϕ as ϕ(x, y) = exp
(

1
τψ(y)

)
, for

ψ test function. Indeed, our aim it to detect the large deviation of Yt away
from Y , which we expect being exponentially small in τ−1. In other words,

u(t, x, y) = E
[
exp

(1
τ
ψ(Y x,y

t )
)]

. (3.4)

We look for a solution of the Kolmogorov equation of the form

u(t, x, y) = w(t, x, y) exp
(1
τ

Λ(t, x, y)
)
. (3.5)

Note that, at least heuristically, we have

Λ(t, x, y) = lim
τ→0

τ logE
[
exp

(1
τ
ψ(Y x,y

t )
)
.

]
Thus, Λ plays the role of the scaled cumulant generating function of the
Gärtner-Ellis Theorem, and for this reason we have used the same notation
in Theorem 44.

Plugging the previous ansatz inside the Kolmogorov equation (3.3), we
start by equalling the terms with the same order in τ , in order to get more
information on Λ. In particular, the terms of order τ−3 lead to deduce that
Λ is independent on x, hence Λ = Λ(t, x), see Lemma 45a. In addition to
this, observing the terms of order τ−1 we deduce two facts. First, Λ satisfies
the following Hamilton-Jacobi equation (see Lemma 45b){

∂tΛ(t, y) = H(y, ∂yΛ), t > 0,
Λ(0, y) = ψ(y),

(3.6)

where H is the Hamiltonian defined by

H(y, θ) := 1
2

∫
R

(∂y log(w))2 µ(dx) + g(y)θ, g(y) =
∫
g(x, y)µ(dx). (3.7)

Second, w satisfies the identity (see Lemma 45c)

wg(x, y)∂yΛ + f(x)∂xw + 1
2∂

2
xw =

[1
2

∫
R

(∂y log(w))2 µ(dx) + g(y)∂yΛ
]
w.

(3.8)
By the structure of our fast-slow system, it is possible to explicitly com-

pute the Hamiltonian H. Indeed, the key is to assume that w has the
following form:

w(t, x, y) = exp
(
xm(y, θ) + x2N(y, θ)

)
, (3.9)
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with m(y, θ) and N(y, θ) to be determined later. Plugging the ansatz (3.9)
inside Eq. (3.8), we deduce that (see Lemma 46a)

m(y, θ) = β(y)θ, N(x, θ) = 0.

In conclusion, the Hamiltonian H has the form (see Lemma 46b)

H(y, θ) = g(y)θ + 1
2β

2(y)θ2.

At this point, applying the Gärtner-Ellis Theorem (in the spirit of The-
orem 44), we deduce that setting

L(x, y) = sup
θ

(xθ −H(y, θ)) ,

we can express the rate function of the LDP as

I(y(·)) =
∫ T

0
L(ẏ(t), y(t))dt.

Since
θ 7→ xθ −H(y, θ) = −1

2β
2θ2 + θ(x− g)

is a concave parabola, its maximum is attained in its vertex θ∗ = x−g(y)
β2(y) .

Thus,

L(x, y) = xθ∗ −H(y, θ∗) = θ∗

(
x− g − 1

2β
2θ∗

)
= θ∗

2 (x− g) = 1
2β2(y) (x− g(y))2 ,

and this leads to the thesis.

We complete the proof of the large deviations for the fast-slow system
by proving the auxiliary results. The first one deals with some properties of
the scaled moment generating function Λ and the function w appearing in
the ansatz for the solution u of the Kolmogorov equation.

Lemma 45. Consider u of the form

u(t, x, y) = w(t, x, y) exp
(1
τ

Λ(t, x, y)
)
.

If u is a solution of the Kolmogorov equation (3.3), then:

(a) Λ is independent of x.

(b) Λ satisfies the Hamilton-Jacobi equation (3.6).
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(c) w = w(t, x, y) satisfies the equation

wg(x, y)∂yΛ+f(x)∂xw+1
2∂

2
xw =

[1
2

∫
R

(∂y log(w))2 µ(dx) + g(y)∂yΛ
]
w,

(3.10)
where

g(y) =
∫
g(x, y)µ(dx).

Proof. (a) Calculating the partial derivative of u, the Kolmogorov equation
takes the form

eτ−1Λ∂tw + τ−1eτ−1Λw∂tΛ = g
(
eτ−1Λ∂yw + τ−1weτ−1Λ∂yΛ

)
+ τ−1f

(
eτ−1Λ∂xw + τ−1weτ−1Λ∂xΛ

)
+ 2τ−1

(
eτ−1Λ∂2

xw + τ−1eτ−1Λ∂xΛ∂xw

+τ−1∂xwe
τ−1Λ∂xΛ + τ−2weτ−1Λ(∂xΛ)2

+τ−1weτ−1Λ∂2
xΛ
)
.

Equalising the terms of order τ−3, we deduce

0 = weτ−1Λ (∂xΛ)2 .

Since w > 0, which follows from (3.4)-(3.5), we conclude

∂xΛ = 0,

and thus Λ = Λ(t, y) is independent of x.
(b) Grouping the terms of order τ−1, we get

eτ−1Λw∂tΛ = gweτ−1Λ∂yΛ + feτ−1Λ∂xw + 1
2e

τ−1Λ∂2
xw.

We can divide the identity by eτ−1Λ, and we obtain

w∂tΛ = gw∂yΛ + f∂xw + 1
2∂

2
xw. (3.11)

Dividing both sides by w > 0, we get

∂tΛ = g∂yΛ + fw−1∂xw + 1
2w

−1∂2
xw. (3.12)

We denote by L0, L1 respectively the operators

L0 = g(x, y)∂y, L1 = f(x)∂x + 1
2∂

2
x,
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and by P the integral with respect to the invariant measure µ, i.e.

(Pϕ)(y) =
∫
R
ϕ(x, y)µ(dx).

We substitute the identity

fw−1∂xw + 1
2w

−1∂2
xw = L1 log(w) + 1

2(∂y log(w))2

into (3.12), and we get

∂tΛ = L1 log(w) + 1
2(∂y log(w))2 + L0Λ. (3.13)

Now, we exploit the facts that

PL1 = 0

(it can be checked that PL1ϕ = d
dtE [ϕ(Xt)] = 0, where Xt is the stationary

solution of the fast equation) and that

PΛ = Λ,

since Λ does not depend on x. Hence, applying P to both the sides of (3.13),
we have

∂tΛ = 1
2P∂y log(w) + PL0Λ

= 1
2

∫
R

(∂y log(w))2 µ(dx) + g(y)∂yΛ := H(x, ∂yΛ),
(3.14)

where we have denoted

g(y) =
∫
g(x, y)µ(dx).

(c) By comparing the RHS of (3.11) and the RHS of (3.14) multiplied
by w, we get

wL0Λ + L1w = H(y, ∂yΛ)w.
Writing explicitly the previous equation, we get (3.10).

Lastly, we show how it is possible to explicitly compute w and the Hamil-
tonian H.
Lemma 46. (a) Consider w of the form

w(t, x, y) = exp
(
xm(y, θ) + x2N(y, θ)

)
.

Then, w is a solution of Eq. (3.10) such that H(y, 0) = 02 if and only
if

m(y, θ) = β(y)θ, N = 0.
2This represents an admissibility condition. Indeed the rate function I = I(y(·)) de-

scribes the cost of deviating from the deterministic trajectory (which in our case satisfies
Y (t) = g(Y (t))). The condition H(y, 0) = 0 ensures that Y (·) has cost zero, or, in other
words, that the deterministic trajectory does not contribute to the large deviation cost.
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(b) The Hamiltonian H defined in (3.7) can be explicitly written as

H(y, θ) = g(y)θ + 1
2β

2(y)θ2,

with
g(y) =

∫
R
g(x, y)µ(dx).

Proof. (a) We start by reporting the calculations of some terms appearing
in Eq. (3.10):

∂xw = w(m+ 2xN),

∂2
xw = w

(
4N2x2 + 4Nmx+m2 + 2N

)
,

∂x log(w) = m+ 2xN,∫
R

(∂x log(w))2 µ(dx) = m2 + 4mNQ+ 4N2Q
2 + 2N2.

Setting θ = ∂yΛ, Eq. (3.10) takes the form[
(xβ(y) − α(y))θ − (x−Q)(m+ 2xN) + 2N2x2 + 2Nmx+ 1

2m
2 +N

]
w =[1

2m
2 + 2mNQ+ 2N2Q

2 +N2 + gθ

]
w,

where we have denoted g(x, y) = xβ(y) − α(y). The previous one is an
identity involving a polynomial of degree 2 in the variable x. Thus, its
coefficients should be equal to zero, leading to the system

−N +N2 = 0
βθ −m+ 2Nm = 0
Qm+N − 2mNQ− 2N2Q

2 −N2 −Qβ = 0.

It can be checked that it admits two solutions

m(y, θ) = β(y)θ, N = 0,

and
m(y, θ) = −2Q− β(y)θ, N = 1.

But the second one is not admissible, since it can be verified that H(x, 0) = 0
only if N|θ=0 = 0.

(b) By substituting the calculations done in the first part of the proof,
we conclude that the Hamiltonian is given by

H(y, θ) = 1
2

∫
R

(∂y log(w))2 µ(dx) + gθ = 1
2m

2 + gθ = 1
2β

2(y)θ2 + g(y)θ.



Conclusions

In the first chapter of this thesis, we have considered a one-dimensional
energy balance model depending on a bifurcation parameter q, describing
the effect of CO2 concentration in the atmosphere and affecting the energy
absorbed by the planet. Numerical simulations show that this model can ex-
hibit either one or three asymptotic solutions, depending on the values of q.
We began our analysis by introducing the potential functional Fq associated
with the steady-state solutions. The functional Fq has significant implica-
tions, as it is closely linked to both the stability of steady-state solutions
of the EBM and the invariant measure for the stochastic EBM obtained by
perturbing the model with an additive Gaussian white noise. In particular,
the invariant measure of the system concentrates on global minimisers of Fq,
giving them exponentially larger weight than local minimisers. By analysing
the first variation of Fq and applying standard arguments from the direct
method of calculus of variations, we established that Fq possesses a global
regular minimiser for all values of the parameter q. Furthermore, we pro-
vide sufficient conditions to prove the existence of at least three steady-state
solutions for the 1D-EBM.

We then introduced the value function V (q), which represents the min-
imum value attained by the potential functional among all possible tem-
perature profiles. By evaluating V (q) numerically using the steady-state
solutions uS , uM , uW , we observed that the function exhibits Lipschitz con-
tinuity and concavity. Furthermore, non-differentiability points of V (q) co-
incide with points where multiple global minimisers exist for Fq. Lastly,
when V is differentiable, its derivative is non-increasing and equal to the
negative global mean temperature, i.e. V ′(q) = −

∫ 1
−1 û(x) dx, where û is

the minimiser for Fq. Moreover, as a consequence of the explicit expression
for V ′, the global mean temperature is non-decreasing with respect to q and
it is continuous, except for a Lebesgue zero-measure set of upwards jumps.
These are the non-differentiability points of V , corresponding to the case
where two or more global minimisers, hence multiple climate equally proba-
ble, exist for the stochastic EBM. These findings, which we are able to prove
rigorously, allow us to establish a correspondence between the bifurcation
diagram and the graph of the value function. Additionally, we applied our
results to a spatially inhomogeneous Allen-Cahn equation, to show how our
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results still hold for more general space-inhomogeneous reaction-diffusion
equations.

The diffusion function κ = κ(x) that we have examined is non-degenerate
at the boundary of the spatial domain. This is an assumption to simplify
the study of the variation problem. At present, there remains a problem
with how to extend our results to the case where κ is degenerate at the
boundary.

Further, we have characterised climate as an invariant measure within
a stochastic equation that describes temperature. The emission of CO2
is considered a parameter influencing the shape of this invariant measure,
particularly in relation to the points around which the measure is concen-
trated. From our perspective, the climate we are currently witnessing reflects
changes in the invariant measure, representing a realization of a random
variable with that invariant measure as its distribution. Moreover, we have
demonstrated the monotonic relationship between global mean temperature
and CO2. Finally, we have outlined simple conditions, adaptable to other
multi-stable reaction-diffusion models, to establish the existence of three
asymptotic climate states.

In the second chapter of the thesis, we have presented a non-autonomous
framework to describe the scale separation between weather, macroweather,
and climate. According to Hasselmann’s proposal, weather is conceptu-
alised as arising from a set of deterministic equations, describing variables
such as temperature on a fast timescale, typically from an hour to one day.
Macroweather, on the other hand, encompasses variations that are neither as
short-term as weather nor as long-term as climate. We assume that temper-
ature on a macroweather timescale satisfies a stochastic equation, reflecting
the most original aspect of Hasselmann’s work. Additionally, at the macro
weather timescale, we include a non-autonomous term to model the atmo-
spheric CO2 concentration, which evolves on a timescale of years. Finally,
we identify climate with the invariant measure arising from the stochastic
equation at the macro weather level.

In addition to this, we have introduced a new 1D-EBM on a macroweather
timescale, which can predict the increase in the number of extreme weather
events associated with climate change. The novelty of our model relies on
the parametrisation of the non-linear space-dependent radiation budget. In-
deed, we have inserted the presence of the SGE, a phenomenon typical of
tropical areas that may lead to an instability in the OLR. Our model in-
cludes a non-autonomous term q = q(t), that in light of the first part, we
have considered constant, that is the effect of the CO2 concentration on the
radiation balance. We have recalled the basic mathematical properties of
our model, such as the existence of steady-state solutions, using also nu-
merical simulations. Also, we have shown how the GMT of the steady state
solution increases with increasing CO2 concentration.

The most important results of our work are presented in Section 2.2.5, in
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which we focus on the stochastic version of the 1D-EBM. In particular, we
have exploited numerical simulations to study the changes in the invariant
measure as the CO2 concentration increases. To obtain this, we have per-
formed numerical integration of the stochastic 1D-EBM on a time interval
of 500 years and with the initial condition the warm steady-state solution
uW of the deterministic 1D-EBM, changing only q in different runs of the
simulation. Given q, for each space point x ∈ [−1, 1] we associate the ex-
treme weather event frequency with the time variance σ2

t (x) of a trajectory
of the stochastic 1D-EBM at point x. We explain the spatial behaviour of
σ2

t (x), which presents two local maximum points for x ≈ ±0.8 and one for
x = 0, combining heuristic reasoning with empirical indicators. The infor-
mal explanation is that the presence of the diffusion term forces the stable
warm stationary solution, and the oscillations around it due to noise, to
take on values that are not stable if we were to consider the ODE obtained
by removing the diffusion term. These regions of temperature, which are
locally unstable, correspond to the areas where the variance σ2

t is highest.
We also motivated the behaviour of σ2

t (x) = σ2
t (q)(x) with respect to q, at

fixed x. The variance observed in this way increases to a maximum value
and then decreases. This is explained by the increase in GMT due to q
and the presence of the diffusion term, leading the solution of the stochastic
EBM to be increasingly in, and then out of, the region of instability due to
the SGE.

Then, Chapter 3 provides valuable insights into the role of noise in
stochastic EBMs by investigating the interplay between fast and slow pro-
cesses in climate dynamics. The chapter’s main conclusion is that, starting
from a fast-slow model for weather-macroweather, the closed equation re-
sulting for the macroweather has a diffusion term which is increasing with
temperature. In other words, this is another explanation, different from
the one presented in Chapter 2, of the increase of extreme weather events
frequency associated to climate change.

Lastly, we are aware that our model, although based on physical laws,
is largely phenomenological. In some parts of our model, we have included
simplifications of convenience, such as in the perturbation of the diffusion
function, which makes the problem non-singular and thus easier to deal
with mathematically; in other parts, such as in the parametrisation of the
space-dependent and tropic-restored OLR, we have followed the principle
of simplicity. Other choices would certainly have been possible, but the el-
ementary nature of the model leads us to avoid choices that are too fine
or complex. Concerning open questions, understanding how the properties
of the model change if more physical processes are considered, such as ad-
vection, is a problem we would like to address in the future, as well as the
extension of our work to a two-dimensional setting.



Code and data availability

This work does not include any externally supplied code. All material
in the text and figures was produced by the authors using standard mathe-
matical and numerical analysis tools.

The code for the numerical simulations of Chapter 1 is availabe at Zenodo
https://zenodo.org/doi/10.5281/zenodo.10469450, and the code for Chapter
2 is available at (https://zenodo.org/doi/10.5281/zenodo.11609952). The
Modena temperature data, used in Chapter 2, were provided by the Geo-
physical Observatory of Modena, University of Modena and Reggio Emilia,
Italy (www.ossgeo.unimore.it, [59]) and are available upon request.
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